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Figure 3. A schematic comparison of the isobaric temperature dependence of the density ρ, thermal
expansion coefficient α, isothermal compressibility KT and isobaric heat capacity cp for water and
a simple liquid.

(This figure is in colour only in the electronic version)

liquids, volume and entropy fluctuations become smaller as the temperature decreases. In
water, on the other hand, volume and entropy fluctuations become more pronounced as the
temperature lowers. In most liquids, entropy and volume fluctuations are positively correlated:
an increase in volume results in a corresponding increase in entropy. In water below 4 ◦C, on the
other hand, volume and entropy fluctuations are anti-correlated: a decrease in volume brings
about an increase in entropy. Figure 3 illustrates the striking contrast between water and
‘normal’ liquids. This dichotomy becomes increasingly pronounced in the supercooled range.

The anti-correlation between entropy and volume is a consequence of the formation of an
open hydrogen bonded network, in which a decrease in orientational entropy is accompanied
by a volume increase. Although this network is transient and short-ranged in the liquid,
as opposed to being permanent and long-ranged in ice, it is the microscopic basis for water’s
negative thermal expansion, and consequently it influences the thermodynamics of liquid water
profoundly.

At temperatures between 273 and 306 K, the shear viscosity of liquid water decreases
with pressure up to about 1 kbar (figure 4) [1, 18]. Likewise, the self-diffusion coefficient
increases with pressure for temperatures lower than 300 K [19]. The pressure dependence of
these transport coefficients is anomalous: in most liquids, compression causes loss of fluidity.
In cold water, on the other hand, compression disrupts the hydrogen bond network, giving
rise to increased fluidity [20, 21]. Translating this qualitative physical picture into a predictive
theory for water’s transport properties remains, as with thermodynamic quantities, a major
challenge.

4. Ranges of stability and metastability

Figure 5 shows the temperature domains of stability and metastability for liquid and
glassy water at atmospheric pressure [3, 22]. The stable liquid range is limited by the
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• ST2 water pair potential of Stillinger and 
Rahman (JCP, 1974).

• Five-site rigid molecule:  one O atom, 
two H atoms, and two “lone pair” sites.

• Direct interactions smoothly tapered to 
zero.  Long-range electrostatics 
approximated by reaction field method 
(“ST2-RF”).
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Free energy surface near the LLPT
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Low-temperature fluid-phase behavior of ST2 water
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We perform histogram-reweighting Monte Carlo simulations of the ST2 model of water in the
grand-canonical ensemble in order to investigate its low-temperature fluid-phase behavior. Using
Ewald summation treatment of long-range electrostatic interactions, we locate the critical point of
the liquid-liquid transition at T=237!4 K, "=0.99!0.02 g /cc, P=167!24 MPa. Contrary to
previous reports in the literature #Brovchenko et al., J. Chem. Phys. 118, 9473 !2003"; Brovchenko
et al., J. Chem. Phys. 123, 044515 !2005"$, according to which there are three liquid-liquid
transitions in ST2 with simple truncation of electrostatic interactions, and two in ST2 with reaction
field treatment of long-range Coulombic forces, we find only one liquid-liquid transition. Our work
points to the sensitivity of results to the proper treatment of electrostatic interactions, and to the
introduction of artificial constraints that limit the magnitude of density fluctuations. © 2009
American Institute of Physics. #doi:10.1063/1.3229892$

I. INTRODUCTION

Water is the most abundant liquid on earth, and the only
substance that occurs naturally in the solid, liquid, and vapor
phases.1 Its properties affect virtually every aspect of our
lives, including climate, agriculture and public health, and
have a profound influence on the chemical processes that are
essential for life.1 It is difficult to think of an industrial pro-
cess that does not involve water as a solvent, reactant, prod-
uct, or impurity.2

Water’s well-known oddities include its uncommonly
high !for a nonmetallic hydride" melting and boiling tem-
peratures; the fact that, if sufficiently cold, the liquid expands
and becomes more compressible when cooled, and less vis-
cous when compressed; and its large number of crystal poly-
morphs !at least 13, of which four are metastable and nine
are stable over a range of temperatures and pressures".3,4

Liquid water’s anomalies become more pronounced when it
is cooled below the freezing point without crystallizing
!supercooled".2 In an important paper, Poole et al.5 proposed
that supercooled water has a liquid-liquid critical point in
addition to the ordinary vapor-liquid critical point. This sug-
gestion has proved to be particularly fruitful because it pro-
vided a thermodynamically consistent framework for inter-
preting a large number of experimental observations,
including the possibility that water possesses two distinct
glassy phases, separated by a first-order phase transition.6

According to the two-critical-point scenario of Poole et al.,5

water’s second critical point is the end-point of the first-order
transition between two liquids !low-density and high-density
liquid, respectively", of which the corresponding transition
between distinct glasses6,7 #low-density amorphous !LDA"
ice and high-density amorphous !HDA" ice$ is the structur-
ally arrested manifestation. Alternative thermodynamic inter-
pretations of water’s metastable, low-temperature behavior

have been proposed.8,9 The suggestion that a pure substance
can have additional, distinct disordered phases, separated by
a first-order transition, in addition to the ordinary vapor-
liquid transition, is commonly referred to as liquid !or vitre-
ous" polyamorphism.10–13 In addition to water, substances for
which evidence of polyamorphism has been reported include
silicon,14,15 germanium,16 phosphorus,17 sulfur,18 and triph-
enyl phosphite.19–22

Evidence consistent with the existence of a liquid-liquid
critical point in water suggests that it is located deep inside
the metastable region, where the stable state of water is
crystalline23 !e.g., %1 kbar and 220 K". The experimental
challenges associated with performing careful physical prop-
erty measurements on highly metastable samples !which
would be needed to unambiguously prove the existence of a
critical point" are considerable. This has led to two strategies:
one experimental and one computational. Experimental stud-
ies have exploited the suppression of ice nucleation when
water is confined in %20 Å hydrophilic pores.24–32 Much
has thereby been learned about the properties of cold liquid
water in nanoscale confinement. Relating this knowledge to
bulk water behavior, however, remains an important
challenge.33 Computational studies, on the other hand, have
sought to investigate water’s metastable phase behavior by
exploiting the highly improbable occurrence of a crystal
nucleation event in the course of a regular molecular dynam-
ics or Monte Carlo simulation of any of the existing models
of water in the bulk. This easy computational access to
deeply supercooled states has enabled a number of studies of
the metastable phase behavior of various molecular water
models, aimed at gaining fundamental understanding of the
relationship between the calculated physical properties, in-
cluding the presence of polyamorphic transitions,34–39 and
the models’ underlying characteristics !e.g., geometry; mag-
nitude and location of electrostatic charges; internal degrees
of freedom, etc.".

More than thirty years after its introduction, the ST2
a"Author to whom correspondence should be addressed. Electronic mail:
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transition has been estimated by previous simulation
studies.37,44 These results, as well as our calculation, are
shown in Table I. Poole et al.37 performed a high-resolution
molecular dynamics simulation of the equation of state of
ST2 water in the NVT ensemble and located the critical point
by tracing the spinodal lines of both the low-density and the
high-density liquid !see, however, Ref. 64 for a discussion of
finite-size effects in the calculation of spinodals".
Brovchenko et al.44 provided an approximate location of the
liquid-liquid transitions using Monte Carlo simulations in the
restricted NPT ensemble as well as the Gibbs ensemble. It
can be seen from Table I that our critical temperature is
considerably lower than the results of Brovchenko et al.,44

but is close to the estimate by Poole et al.37 Our estimate of
the critical pressure is also in agreement with the result of
Poole et al.37 The estimates of the critical density from the
three studies are in reasonable agreement.

In order to estimate finite-size effects on the critical pa-
rameter values, we performed simulations employing a
smaller system size, L=5! !versus L=6! throughout the rest
of this work, which is to say a volume reduction by a factor
of 0.58". The critical point values determined using this
smaller system size after 60 runs at 240 K and "!=−80.7,
each consisting of 108 equilibration and 109 production steps,
were Tc=235 K, "c

!=−81, and #c=0.99 g /cc. Although we
did not attempt a systematic investigation spanning a broader
range of system sizes because of the severe computational
demands associated with such a calculation !see Sec. II B",
the good agreement between the L=5! and L=6! results
lends confidence to the accuracy of the critical parameters
reported in Table I.

The criteria for phase coexistence are equality of tem-
perature, chemical potential, and pressure. The first two con-
straints are satisfied by construction, and the integral under
the density probability distribution is proportional to the
pressure. By matching the areas under the low-density liquid
and high-density liquid portion of the histogram, we calcu-
lated the phase coexistence curve away from the critical
point. This is shown in Fig. 4. In order to obtain the phase
diagram, we combined runs at all temperatures. Uncertainties
were estimated by using different combinations of runs. Near
the critical point the two peaks overlap significantly, which
makes direct determination of the coexisting densities diffi-
cult. Compared with the calculations of Brovchenko et al.,44

our phase diagram encompasses the density range corre-
sponding to the three liquid-liquid transitions reported by

these authors for the truncated ST2 model, as well as both of
the liquid-liquid transitions for ST2 water with reaction field
treatment of long-range electrostatic interactions reported
therein. In both cases, our low-density branch has approxi-
mately the same density as the corresponding branch of their
lowest-density transition, whereas our high-density branch
has approximately the same density as the corresponding
branch of their highest-density transition. In short, we did not
see multiple liquid-liquid transitions in the density range
0.9 g /cm3$#$1.2 g /cm3.

The internal energy of each phase at coexistence is
shown in Fig. 5. Within the temperature range studied, the
internal energy of the high-density phase is approximately
2.5 kJ/mol higher than that of the low-density phase, which
corresponds approximately to 1/10 of a hydrogen bond. This
is a small energy difference, especially when considered in
relation to the appreciable structural differences between wa-
ter’s high-density and low-density amorphous phases.65

By further investigating the histograms with the density
range extended to 1.30 g /cm3, we found no sign of addi-
tional phase transitions. Figure 6 shows the "! versus ##$
isotherms at different temperatures across the entire density
range studied, 0.90$#$1.3 g /cm3. The isotherms display
strong curvature changes as a result of the liquid-liquid criti-
cal point. The abruptness of the density change becomes
more pronounced as the temperature decreases. It can be
seen that even at a temperature about 7 K higher than the

TABLE I. Critical parameters of the liquid-liquid transition for ST2 water %The critical parameters from Brovchenko et al. !Ref. 44" shown here correspond
to the lowest-density liquid-liquid transition in that paper.&

Treatment of long-range electrostatic interactions

Poole et al.a Brovchenko et al.b This work

Reaction field None Reaction field Ewald sum

Tc /K 245 '290%Tc%275 &260 237'4
#c /gcm−3 0.94 '0.95 '0.97 0.99'0.02
"c

! — — — −80.9'0.4
Pc /MPa 180 Negative '130 167'24

aReference 37.
bReference 44.

FIG. 4. Liquid-liquid coexistence in ST2 water. The circle denotes the criti-
cal point, and triangles show phase coexistence, determined by histogram-
reweighting. Error bars were determined by doubling the standard deviation
over independent combinations of runs. The dashed line is a guide to the eye
obtained by fitting the data to scaling relations near the critical point.
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M = N − sU , !2"

where s is the field mixing parameter. At criticality, the prob-
ability distribution for a given system, P!x", where the scal-
ing parameter x is given by x=A!M −Mc", has a universal
form. The nonuniversal parameter A and the critical value of
the ordering operator Mc are chosen so that zero mean and
unit variance of the distribution are observed in the scaling
parameter. A precise probability distribution of the order pa-
rameter for the three-dimensional !3D" Ising-model univer-
sality class can be found elsewhere.62 It is believed that the
liquid-liquid critical point also belongs to the Ising univer-
sality class, like the ordinary liquid-gas critical point.61 To
obtain the critical parameters for the liquid-liquid transition
of ST2 water, we adjusted the chemical potential, tempera-
ture and field mixing parameter s so as to achieve the best fit
to the 3D universal distribution. This allowed us to determine
the liquid-liquid critical point with considerably higher pre-
cision than has hitherto been possible.

The critical pressure was estimated separately using the
volume fluctuation method of Harismiadis et al.63 Several
simulations in the NVT ensemble, starting from equilibrated
configurations near the critical point, were conducted and
energy was calculated every 4 steps at a volume !V!" slightly
larger than the volume of our simulation box !!V
#0.003 V". The pressure is then obtained from the follow-
ing expression:63

P

kBT
=

N

V
+

1
!V

ln$exp%−
!U

kBT
&' , !3"

where !U=UV!−UV and (¯ ) denotes the thermal average
in the NVT ensemble.

III. RESULTS AND DISCUSSION

Figures 1 and 2 show the density probability distribution
at different temperatures and chemical potentials spanning
conditions where the liquid-liquid transition of ST2 water is
observed. Figure 1 illustrates the change in the observed his-
togram upon increasing the chemical potential at a single
temperature, T=244.2 K. The histogram evolves from a
single sharp peak at "#0.9 g /cm3 to another single peak at

"#1.1 g /cm3, while at intermediate values of the chemical
potential the system samples states on both sides of the tran-
sition, resulting in a comparatively flat histogram. This is
typical of near-critical behavior. Reweighted to lower tem-
peratures, the histograms exhibit sharper peaks that clearly
show this phase transition between low-density and high-
density liquid phases !Fig. 2". The histogram data were then
matched to the 3D Ising universal distribution and critical
parameters were determined. Eight independent matches to
the 3D Ising distribution were conducted by randomly com-
bining one, two, three, or four subsets of runs to check the
consistency of our results. Each subset of runs was com-
prised of simulations performed at the same temperature. An
example of our fitting is shown in Fig. 3. From this analysis,
we conclude that the critical point of the liquid-liquid
transition for ST2 water is located at Tc=237#4 K, $c

!

=−80.9#0.4, "c=0.99#0.02 g /cm3, and field mixing pa-
rameter s=−0.006#0.001. The uncertainties were calculated
from the standard deviations of the eight independent data
sets, multiplied by two. The critical pressure is Pc
=167#24 MPa, which was calculated in !N ,V ,T" simula-
tions at 240 K and 0.99 g/cc using the method described in
Sec. II C. The uncertainty was calculated from the standard
deviations of five independent parallel runs, multiplied by
two. The location of the critical point for this liquid-liquid

FIG. 1. Density histograms for ST2 water at 244.2 K. Black solid line:
$*=−81.5; red dashed line: $!=−81.0; purple dotted line: $!=−80.4; blue
dash-dotted line: $!=−79.6.

FIG. 2. Histograms indicating the liquid-liquid phase transition in ST2 wa-
ter. Red dashed line: T=241.9 K, $!=−80.5; blue dash-dotted line: T
=240.0 K, $!=−80.6; black solid line: T=238.1 K, $!=−80.7.

FIG. 3. Matching of the probability distribution, P!x", to the 3D Ising uni-
versality class, indicated by solid line. Crosses are our results.
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• ST2 with Ewald electrostatics
• Grand-canonical MC simulations with histogram reweighting.
• Bimodal density of states consistent with liquid-liquid coexistence.



5th neighbour distance (r5) as a local order parameter:
blue:  r5 > 0.35 nm (LDL-like)         red: r5 < 0.35 nm (HDL-like)

ST2-RF constant-(µ,V,T) 
successive umbrella 
sampling MC simulations

LDL HDL

LDL + HDL + interface

T = 240 K
N = 200 - 327
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We perform successive umbrella sampling grand canonical Monte Carlo computer simulations of

the original ST2 model of water in the vicinity of the proposed liquid–liquid critical point, at

temperatures above and below the critical temperature. Our results support the previous work of

Y. Liu, A. Z. Panagiotopoulos and P. G. Debenedetti [J. Chem. Phys., 2009, 131, 104508], who

provided evidence for the existence and location of the critical point for ST2 using the Ewald

method to evaluate the long-range forces. Our results therefore demonstrate the robustness of the

evidence for critical behavior with respect to the treatment of the electrostatic interactions. In

addition, we verify that the liquid is equilibrated at all densities on the Monte Carlo time scale of

our simulations, and also that there is no indication of crystal formation during our runs. These

findings demonstrate that the processes of liquid-state relaxation and crystal nucleation are well

separated in time. Therefore, the bimodal shape of the density of states, and hence the critical

point itself, is a purely liquid-state phenomenon that is distinct from the crystal–liquid transition.

1 Introduction

In 1992, a numerical investigation of the equation of state
(EOS) of the ST2 model1 in the supercooled region suggested
the possibility of a liquid–liquid (LL) critical point in water.2

This initial study has subsequently generated a large amount
of numerical and experimental work.3–12 In addition to the
conceptual novelty of a one-component system with more
than one liquid phase, the existence of the associated LL
critical point can also rationalize many of the thermodynamic
anomalies which characterize liquid water (e.g. the density
maximum and compressibility minimum), and which become
more pronounced in the supercooled regime. Furthermore, the
existence of two distinct liquid phases of supercooled water
can explain the polyamorphism which characterizes the glassy
phase.12–14 Indeed, simulations suggest that the low density
amorphous solid form of water is similar to the structure of the
low density liquid (LDL) phase, while the relaxed very-high
density amorphous solid is related to the high density liquid
(HDL).15

Evidence in support of a liquid–liquid critical point in water,
and in other liquids with a tetrahedral structure, has increased
over time. A number of classical models for water, including
the recently developed and optimized TIP4P/2005,16 exhibit a
van der Waals inflection in their EOS at low temperature T

that is evidence of phase coexistence between two liquid
states.5,17,18 The occurrence of a LL transition has also been
proposed for silica,19 and more recently, evidence for a LL
critical point and its associated thermodynamic anomalies
have been presented for the Stillinger–Weber model of
silicon.20

Indeed, it is notable that the most compelling evidence for
LL critical points has been generated in silico.21 In almost all
cases, LL critical points are predicted to occur in deeply
supercooled liquids, where crystallization (in experiments)
has so far prevented direct observation of such a phenomenon
in bulk systems. Compared to experiments, LL phase transi-
tions are more readily observed in numerical studies because
heterogeneous nucleation is not a factor, and the small system
size (usually less than one thousand molecules) decreases the
probability of observing the appearance of a critical crystal
nucleus in the simulation box on the time scale of typical
simulations. Computer simulations have thus allowed the
study of the liquid EOS under deeply supercooled conditions,
on time scales longer than the structural relaxation time of the
liquid but smaller than the homogenous nucleation time.
Under these conditions, equilibrium within the metastable
basin of the liquid free energy surface can be achieved without
interference from crystal nucleation processes.
Nonetheless, evaluations of the EOS via simulations in the

canonical ensemble, or at constant pressure, do not provide a
way to accurately estimate the location of the LL critical point
found in water models, or to determine its universality class.
Only recently, in 2009, Liu et al.22 reported the first numerical
investigation of ST2 water in the LL critical region, by
performing simulations in the grand canonical ensemble for
different values of T and of the chemical potential m, and

aDipartimento di Fisica, Università di Roma La Sapienza,
Piazzale A. Moro 5, 00185 Roma, Italy.
E-mail: francesco.sciortino@uniroma1.it

bDepartment of Physics and Physical Oceanography,
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FIG. 3. Free energy surfaces obtained as a function of � and Q6. As shown in (a), the liquid is metastable with respect to
the crystal. As the system is cooled, the barrier disappears, as illustrated in (b). Finally in (c) the free energy obtains a large
gradient along the Q6 direction and fluctuations in density are damped out. Here adjacent contour lines are spaced by 1 kBT ,
and statistical uncertainties are smaller than that energy.

ties of the order parameters in the usual way. Specifically,

F (⇥, Q6, ...) = �kBT lnP (⇥, Q6, ...) + const. (7)

where the probability P (⇥, Q6, ...) is proportional to the
partition function for micro-states with the specified val-
ues of the order parameters. The irrelevant additive con-
stant in Eq. 7 refers to normalization and standard state
conventions.

To evaluate the probabilities and their associated free
energies, we have adopted a hybrid Monte Carlo sim-
ulation approach as used by Duane et al. [51]. We
consider ensembles with N , p, and T fixed. Two dif-
ferent moves are made within this framework: random
changes in volume, and short molecular dynamics trajec-
tories. These are made with a ratio of 1:5. Maximum
volume displacement and maximum molecular dynamics
trajectory length are adjusted to yield a 30% acceptance.
This technique produces suitably swift equilibration even
within the supercooled regime.

The order parameters ⇥, Q6 or ⇤6, are controlled with
umbrella sampling, by propagating the system under
its unbiased hamiltonian and computing the order pa-
rameters only when determining Metropolis acceptance
probabilities. All molecular dynamics propagation was
done using the LAMMPS molecular dynamics simulation
package [52]. Most of the free energy calculations were
accomplished with 216 particles. For each window in the
umbrella sampling, the simulations ran long enough to
obtain at least 1000 independent samples of each of the
biased observables. The umbrella biasing potentials em-

ployed were

�U = k(⇥� ⇥�)2 + �(Q6 �Q�
6)

2 (8)

or the same formula with Q6 replaces by ⇤6. Adopting
� in the range of 500 to 2000 kBT and k in the range of
1000 to 2000 kBT cm3/g proved satisfactory. Statistics
gathered in these biased ensembles were unweighted and
the free energy di⇥erences between each ensemble were
estimated using MBAR [54]. Error estimates for the free
energies we have calculated in this way are less than kBT .
Figure 3 depicts representative free energies for three

di⇥erent state points. The locations of those state points
are noted in Fig. 1. Each free energy surface includes
the range of densities where liquid and crystal basins are
located. With the variable Q6, we see a significant sep-
aration between liquid and crystal basins. For the state
points considered in Fig. 3, with N = 216, the crystal
basin is centered around Q6 ⇥ 0.5, while the liquid basin,
when it exists, is centered around Q6 ⇥ 0.05. As N in-
creases, the former changes little, but the latter tends to
zero. This behavior is illustrated explicitly in the next
section.
The state points considered in Fig. 3 show how the

free energy surfaces evolve as the pressure or temperature
are changed. In Fig. 3(a), a barrier separates the liquid
phase from the crystal. Therefore, at that state point
the liquid is metastable. Lowering the temperature and
increasing the pressure, Fig. 3 (b) shows the barrier to
crystallization has vanished. Further decreasing temper-
ature, Fig. 3 (c) shows increasing driving force towards
the stable crystal. At those state points, the liquid is
unstable.
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2 (8)
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unstable.
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compares our computed results at ambient pressure with
those found from experimental observation of water [49].
As in Fig. 1, we use the point of density maximum as
our reference state for these comparisons. Figure 2 shows
that the qualitative trends and magnitude of anomalies of
mW water agree with those of experimental water. The
low-temperature end of the displayed graphs occur at the
point where the liquid becomes unstable. Down to that
temperature, the growths of ⇤T and Cp are notable but
modest in size and far from the sort of divergent behav-
ior one would ordinarily associate with a critical point
or phase boundary. At all stable and meta-stable liquid
phase states we have studied, see Fig. 1, we find similar
nonsingular behavior.

III. ORDER PARAMETERS AND FREE
ENERGIES

In this section, we define order parameters and present
free energy functions of those order parameters.

A. Measures of crystalline order

We use two types of order parameters. One is bulk
density, the other quantifies orientational order. For the
latter, we use Steinhardt, Nelson and Ronchetti’s Q6 and
⌃6 [50]. For a finite system analyzed with computer
simulation, these variables prove more convenient than
Fourier the components of the density. They also prove
more useful than dynamic measures, which cannot distin-
guish liquid from crystal at supercooled conditions, where
di�usion is slow in the liquid due to glassy dynamics and
nonzero in the crystal due to defect motion.

Both Q6 and ⌃6 are functions of a projection of the
density field into averaged spherical harmonic compo-
nents. To evaluate Q`, for each water molecule i, we
calculate the set of quantities
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sociated with of the angular coordinates of the vector
⇡ri � ⇡rj joining molecules i and j, measured with respect
to an arbitrary external frame. Since qi`,m is defined in

terms of spherical harmonics, it transforms simply under
rotations of the system or the arbitrary external frame.
These quantities are then summed over all particles to
obtain a global metric
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and then contracted along the m axis to produce a pa-
rameter that is invariant with respect to the orientation
of the arbitrary external frame,
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N

⇤
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Q`,mQ⇤
`,m
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. (3)

The other orientation order parameter we consider, ⌃`,
is evaluated by first defining bond variables through lo-
cal contractions of the q`,m, which are reference frame
independent,

bij =
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`,mqj⇤`,m

�⇧`
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i
`,mqi⇤`,m
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, (4)

and then summing over all of the bonds made between
molecule i and its nearest 4 neighbors,

⌃i
` =

1

4

4⌃

j2ni

bij (5)

Finally, the global parameter is obtained by summing
over all molecules,

⌃` =
1

N

N⌃

i=1

⌃i
` (6)

The mean or most probable value of Q` for an amor-
phous phase approaches zero in the thermodynamic limit,
while it is finite for a crystalline phase. As such, Q`

is a distinguishing order parameter for amorphous and
crystalline phases. In contrast, because its contractions
occur locally and not over the entire system, ⌃` is non-
vanishing in the thermodynamic limit for both disordered
and ordered states. Nevertheless it is a useful measure
of orientational order because the distributions of ⌃i

` for
the low temperature liquid are sensitive to the amount
of crystallization in the system, and their mean values at
low temperatures di�er significantly between liquid and
crystal. Further, as ⌃` retains local information, it is use-
ful in determining the existence of grain boundaries and
defects. We have taken the ⌘ = 6 multipole because we
have found empirically that it is particularly sensitive to
distinguishing liquid water and ice.

B. Free energy surfaces at conditions of
metastability

Free energies of density ⌅, orientational order parame-
ters Q6 and ⌃6, and so forth, are related to the probabili-
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models of water
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We use numerical simulation to examine the possibility of a reversible liquid-liquid transition in
supercooled water and related systems. In particular, for two atomistic models of water, we have
computed free energies as functions of multiple order parameters, where one is density and another
distinguishes crystal from liquid. For a range of temperatures and pressures, separate free energy
basins for liquid and crystal are found, conditions of phase coexistence between these phases are
demonstrated, and time scales for equilibration are determined. We find that at no range of temper-
atures and pressures is there more than a single liquid basin, even at conditions where amorphous
behavior is unstable with respect to the crystal. We find a similar result for a related model of silicon.
This result excludes the possibility of the proposed liquid-liquid critical point for the models we have
studied. Further, we argue that behaviors others have attributed to a liquid-liquid transition in water
and related systems are in fact reflections of transitions between liquid and crystal. © 2011 American
Institute of Physics. [doi:10.1063/1.3643333]

I. INTRODUCTION

This paper reports the results of a numerical study aimed
at elucidating the purported1, 2 liquid-liquid phase transition
in supercooled liquid water. The results indicate that this hy-
pothesized polyamorphism does not exist in atomistic models
of water. While not contradicting the existence of irreversible
polyamorphism of the sort observed in non-equilibrium dis-
ordered solids of water,3–7 and not excluding the possibilities
of liquid-liquid transitions in liquid mixtures,8 polymerizing
fluids,9 and some theoretical models,10–13 the results do sug-
gest that a reversible transition and its putative second critical
point are untenable for one-component liquids, like water, that
exhibit local tetrahedral order and freeze into crystals with
similar but extended order.

The terminology “transition” is used here to refer to dis-
tinct phases, where coexistence implies the formation of in-
terfaces that would spatially separate the coexisting phases
or to response functions that diverge in the thermodynamic
limit.14 The structural changes for a transition between two
liquids or between a liquid and a crystal are distinct from con-
tinuous pressure induced changes in normal liquid water.15

These changes associated with a phase transition are global
and therefore are also distinct from bi-continuous behaviors
that do not persist beyond small length scales.16

Polyamorphism of water has been achieved through var-
ious out-of-equilibrium experimental protocols resulting in a
multitude of thermodynamically unstable, kinetically trapped
structures.17–22 These different disordered structures have
been generally partitioned into two general categories known
as either low-density amorphous solids17–19 or high-density
amorphous solids.20–22 Some have interpreted changes in
these structural motifs as non-equilibrium manifestations of

a)Electronic mail: chandler@berkeley.edu.

an underlying equilibrium phase transition between two forms
of liquid water. This conjecture forms the basis of some at-
tempts to explain many of the well-known anomalous ther-
modynamic properties of water, e.g., Refs. 1, 23, 24, and 25.
There are other ways of explaining these anomalies,26 but the
phase transition hypothesis seems particularly intriguing, and
it is the focus of this paper.

The hypothesis is impossible to test by natural exper-
iments because the location of the presumed transition is
outside experimentally accessible conditions.27 In particular,
bulk supercooled water is unstable as a liquid, and it rapidly
crystallizes in the regime of predicted polyamorphism. While
the properties of non-equilibrium glassy materials can be
studied in this region, it is uncertain whether inferences re-
garding reversible thermodynamic behavior can be made from
such measurements. Some experiments have studied water
confined to long pores with radii no larger than 1 nm.28–31

These experiments avoid the instability and thereby attempt
to detect manifestations of the transition. While water does
not freeze in such circumstances, it is questionable whether
properties of bulk water can be inferred from behaviors of
these one-dimensional systems.32, 33

Molecular simulation provides a means to overcome this
ambiguity. Specifically, sufficiently realistic models can be
studied computationally while controlling order parameters
that distinguish liquid from crystal. It is in this way that we
examine the reversible behavior of models of water. Along
with establishing coexistence between liquid and crystal, we
are able to study the dynamics of the transition between
these phases. We also locate and explore the free energy sur-
face for the region of the pressure-temperature phase diagram
known as “no man’s land.”2 This is the region where amor-
phous behavior would be unstable in the absence of control.
Our results indicate that some observations attributed by oth-
ers as manifestations of a liquid-liquid transition are in fact
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FIG. 6. Free energies for the mST2 model of water. The system is periodically replicated and contains N = 216 molecules. Panel (a) is the contracted F̃ (ρ).
Panels (b) and (c) are the surfaces F̃ (ρ,Q6). Phase coexistence between amorphous and crystal phases occurs at "µ = 0.27 kBT , where "µ is the chemical
potential relative to that of phase space point (T , p)=(235 K, 2.2 kbar). Adjacent contour lines in (b) and (c) are spaced by 1 kBT and statistical uncertainties
are of the order of, or less than, that energy. Error bars in (a) are one standard deviation.

a different pressure or chemical potential for which the free
energy can be reached by a shift in chemical potential,

F̃ (ρ,Q6; T ,"µ) = F (ρ,Q6) − ρV̄ "µ, (10)

with "µ ≈ 0.55 kBT . Here, "µ is the chemical potential rel-
ative to that at (T , p) = (235 K, 2.2 kbar), and V̄ is the av-
erage volume of the system at that temperature and pressure.
A lower value of "µ brings the system to a point of coex-
istence between the liquid and the crystal. These free energy
surfaces are shown in panels (b) and (c) of Fig. 6. The free
energy computed by Liu et al. is the contraction

F̃ (ρ) = −kBT ln
!"

dQ6 exp
#
−βF (ρ,Q6) − βρV̄ "µ

$%
.

(11)
This function is shown in panel (a) of Fig. 6.

Like Liu et al., we find a bistable free energy at this tem-
perature and for this size system. The locations for the minima
we find for F̃ (ρ) are in good accord with those found by Liu
et al. But our free energy has a large barrier between the two
basins, reflecting a finite crystal-liquid surface tension, while
that reported by Liu et al. exhibits a small barrier. Liu et al.
suggest that their result is indicative of a liquid-liquid tran-
sition and the proximity of a critical point. However, our free
energy surface shows no such phase transition behavior. There
is only a crystal-liquid first-order transition. We suggest that
the Liu et al. result is a non-equilibrium phenomenon, where a
long molecular dynamics run at constant T − p and initiated
from their low-density amorphous phase will eventually equi-
librate in either the low density crystal or in the higher density
metastable liquid. The time scale for this equilibration is long,
as we discuss in Sec. V.

Whatever the cause for the Liu et al. results, the bista-
bility cannot be attributed to a liquid-liquid transition with-
out also showing that the barrier separating presumed liquid-
phase basins satisfies the requisite growth with N , scaling as
N2/3. This demonstration has not been done, and from our
results, it is unlikely that it can be done.

Another variant of the ST2 model, considered by Poole
et al.,38 uses a reaction field approximation to estimate the

effects of long-ranged forces. We call it the “ST2r” model.
One expects similar phase behaviors from the mST2 and ST2r
models.60 Based on an extrapolation from the equation of
state computed for ST2r model, Poole et al. predict the pres-
ence of a liquid-liquid transition, and the critical point lo-
cation obtained from that estimate is shown in Fig. 1. The
density-maximum reference temperature for both mST2 and
ST2r is T0 ≈ 330 K. Poole et al.’s estimate the critical tem-
perature to be Tc = 245 K. Our calculations for mST2, shown
in Fig. 6, are at the lower temperature, T = 235 K. Accord-
ingly, at some pressure, we should find bistable liquid behav-
ior if indeed a critical point existed at the higher tempera-
ture. But we find that upon adding "p V to our computed
F (ρ,Q6; 2.2 kbar, 235 K), where "p = p − 2.2 kbar, no sec-
ond liquid basin can be discerned for any reasonable value of
p. Therefore, and similar the to behavior found with the mW
model, extrapolation from the behavior of a one-phase system
as done in Ref. 38 proves to be a poor indicator of a phase
transition.

V. DYNAMIC METASTABILITY

To arrive at the results of Secs. IV A and IV B, equi-
libration is achieved with umbrella sampling. Various other
reweighting Monte Carlo procedures could be used.57, 61

Some researchers, however, attempt to learn about a possi-
ble reversible phase transition in supercooled water through
straightforward molecular dynamics simulation. This ap-
proach is limited to cases where relaxation is swift compared
to computationally feasible trajectory lengths, but relaxation
associated with phase transitions is generally not swift, es-
pecially at supercooled conditions. To judge the feasibility
of such an approach, it is therefore useful to estimate perti-
nent relaxation times. For supercooled water, there are two
important classes: times required to nucleate and grow a crys-
tal, and times required to reorganize atomic arrangements in
the liquid. We have estimated both with molecular dynam-
ics of mW water. We use the equilibrium sampling described
in Secs. IV A and IV B to prepare initial configurations
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We use numerical simulation to examine the possibility of a reversible liquid-liquid transition in
supercooled water and related systems. In particular, for two atomistic models of water, we have
computed free energies as functions of multiple order parameters, where one is density and another
distinguishes crystal from liquid. For a range of temperatures and pressures, separate free energy
basins for liquid and crystal are found, conditions of phase coexistence between these phases are
demonstrated, and time scales for equilibration are determined. We find that at no range of temper-
atures and pressures is there more than a single liquid basin, even at conditions where amorphous
behavior is unstable with respect to the crystal. We find a similar result for a related model of silicon.
This result excludes the possibility of the proposed liquid-liquid critical point for the models we have
studied. Further, we argue that behaviors others have attributed to a liquid-liquid transition in water
and related systems are in fact reflections of transitions between liquid and crystal. © 2011 American
Institute of Physics. [doi:10.1063/1.3643333]

I. INTRODUCTION

This paper reports the results of a numerical study aimed
at elucidating the purported1, 2 liquid-liquid phase transition
in supercooled liquid water. The results indicate that this hy-
pothesized polyamorphism does not exist in atomistic models
of water. While not contradicting the existence of irreversible
polyamorphism of the sort observed in non-equilibrium dis-
ordered solids of water,3–7 and not excluding the possibilities
of liquid-liquid transitions in liquid mixtures,8 polymerizing
fluids,9 and some theoretical models,10–13 the results do sug-
gest that a reversible transition and its putative second critical
point are untenable for one-component liquids, like water, that
exhibit local tetrahedral order and freeze into crystals with
similar but extended order.

The terminology “transition” is used here to refer to dis-
tinct phases, where coexistence implies the formation of in-
terfaces that would spatially separate the coexisting phases
or to response functions that diverge in the thermodynamic
limit.14 The structural changes for a transition between two
liquids or between a liquid and a crystal are distinct from con-
tinuous pressure induced changes in normal liquid water.15

These changes associated with a phase transition are global
and therefore are also distinct from bi-continuous behaviors
that do not persist beyond small length scales.16

Polyamorphism of water has been achieved through var-
ious out-of-equilibrium experimental protocols resulting in a
multitude of thermodynamically unstable, kinetically trapped
structures.17–22 These different disordered structures have
been generally partitioned into two general categories known
as either low-density amorphous solids17–19 or high-density
amorphous solids.20–22 Some have interpreted changes in
these structural motifs as non-equilibrium manifestations of

a)Electronic mail: chandler@berkeley.edu.

an underlying equilibrium phase transition between two forms
of liquid water. This conjecture forms the basis of some at-
tempts to explain many of the well-known anomalous ther-
modynamic properties of water, e.g., Refs. 1, 23, 24, and 25.
There are other ways of explaining these anomalies,26 but the
phase transition hypothesis seems particularly intriguing, and
it is the focus of this paper.

The hypothesis is impossible to test by natural exper-
iments because the location of the presumed transition is
outside experimentally accessible conditions.27 In particular,
bulk supercooled water is unstable as a liquid, and it rapidly
crystallizes in the regime of predicted polyamorphism. While
the properties of non-equilibrium glassy materials can be
studied in this region, it is uncertain whether inferences re-
garding reversible thermodynamic behavior can be made from
such measurements. Some experiments have studied water
confined to long pores with radii no larger than 1 nm.28–31

These experiments avoid the instability and thereby attempt
to detect manifestations of the transition. While water does
not freeze in such circumstances, it is questionable whether
properties of bulk water can be inferred from behaviors of
these one-dimensional systems.32, 33

Molecular simulation provides a means to overcome this
ambiguity. Specifically, sufficiently realistic models can be
studied computationally while controlling order parameters
that distinguish liquid from crystal. It is in this way that we
examine the reversible behavior of models of water. Along
with establishing coexistence between liquid and crystal, we
are able to study the dynamics of the transition between
these phases. We also locate and explore the free energy sur-
face for the region of the pressure-temperature phase diagram
known as “no man’s land.”2 This is the region where amor-
phous behavior would be unstable in the absence of control.
Our results indicate that some observations attributed by oth-
ers as manifestations of a liquid-liquid transition are in fact
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FIG. 1. Phase diagram, free energy surfaces, and typical configurations of
cold water. Typical of all systems considered in this paper, the specific pic-
tures render results from molecular simulations of one particular model.
Quantitative scales of temperature, pressure, and free energy depend upon
simulation model, and these scales are omitted here because this figure serves
a qualitative purpose only. For experimental water, the phase diagram cov-
ers pressures p ranging from 1 bar to 3 kbar and temperatures T ranging
from 150 K to 300 K. Tm and Ts stand for temperatures at the melting and
liquid-stability lines, respectively. Blue region in the p-T plane is where liq-
uid is stable, red region is where liquid is metastable with respect to ice I,
and grey region is where liquid is unstable (i.e., it is the liquid’s “no-man’s
land”). Corresponding free energy surfaces are shown above as functions of
density ρ and crystal-order variable Q6. Corresponding molecular configura-
tions shown below are cuts through a simulation box at the ends of trajecto-
ries that are initiated in a liquid configuration and that run for times shorter
than required to crystalize the entire sample. Molecules located in crystal-like
regions are colored red.

water, we have found it convenient to consider two order
parameters. One is molecular density, ρ, that distinguishes
different amorphous phases. The other can be the Steinhardt-
Nelson-Ronchetti Q6 that distinguishes an amorphous phase
from a symmetry-broken crystalline phase.23, 24 The two vari-
ables fluctuate on significantly different time scales. For ex-
ample, the liquid structural relaxation time (i.e., the equilibra-
tion time for ρ) around T ≈ Ts is of order 10−8 s or shorter,
whereas the relevant equilibration time for Q6 in this regime
is the time to form a crystal, 10−6 s or longer. This wide sep-
aration of time scales is typical of systems undergoing crys-
tallization transitions.25 In the case of water, we will see in
this paper that it is a principal source of confusion in sim-
ulation studies that claim evidence for a liquid-liquid phase
transition.

To foreshadow this point, consider the equilibrium joint
distribution function for the order parameters, P(ρ, Q6). It
is related to the free energy (or reversible work) surface for
these variables in the usual way: F(ρ, Q6) = −kBT ln P(ρ,
Q6), where kB is Boltzmann’s constant. This is the free energy
function illustrated in Fig. 1. Over time scales large compared
to those of liquid relaxation but possibly not large compared
to those of crystal formation, the joint distribution is in gen-
eral a non-equilibrium distribution,

Pne(ρ,Q6, t) = P (ρ|Q6) Pne(Q6, t) , (1)

where P(ρ|Q6) is the equilibrium distribution for ρ given a
specific value for Q6, and Pne(Q6, t) is the non-equilibrium
distribution for Q6. The non-equilibrium distribution depends

upon the protocol with which the system is prepared, and its
time dependence is irreversible. For large enough t, presum-
ing ergodicity, Pne(Q6, t) approaches the equilibrium P(Q6).
But this limit can require simulation times thousands of
times longer than those needed to equilibrate ρ. Not ac-
counting for this behavior can give the illusion of a re-
versible polyamorphism because the non-equilibrium free en-
ergy, −kBT ln [P(ρ|Q6) Pne(Q6, t)], can have a low-Q6 basin
for times shorter than those required for Q6 to diffuse towards
its equilibrium crystal value at high Q6.

This possibility, which we refer to as “artificial polyamor-
phism,” can be appreciated by comparing the free energy sur-
faces shown in Fig. 1. In particular, imagine studying the sys-
tem on time scales where Q6 can diffuse over no more than the
left halves of the pictured free-energy panels. Pne(Q6, t) would
then be peaked at a low value of Q6, even for cases where a
high Q6 value would be the correct equilibrium value. Thus, if
Q6 is limited in this way to small values, the low-temperature
(i.e., left-most) panel would then yield a pseudo free energy,
−kBT ln Pne(ρ, Q6, t), with an illusory “amorphous basin”
at a density lower than that of the metastable liquid. This
irreversible behavior was discussed in the supplement to
Paper I.26 Specifically, we showed that for liquid water at
pressures and temperatures in or close to “no man’s land,”
small values of Q6 will survive while the crystal phase begins
to coarsen. The bottom left of Fig. 1 shows a configuration of
water in that regime.

Section II of this paper provides a quantitative theoret-
ical analysis of this behavior. It shows specifically how the
polyamorphism of Refs. 10, 11, 15, 16, and 19 is an irre-
versible effect reflecting the time-scale separation between
fluctuations in ρ and fluctuations in Q6. During the time of
coarsening, the faster order parameter, ρ, fluctuates between
typical crystal and liquid values. References 15 and 16 report
this type of behavior, which they call “phase flipping.” On the
time scale of the flipping, the drift in Pne(Q6, t) can be almost
imperceptible, but drift it does. The authors of Refs. 15 and
16 describe the flipping as evidence of a second metastable
liquid. The analysis of Sec. II shows that this flipping is not
a consequence of such metastability, but rather the coarsen-
ing of the crystal from the unstable or nearly unstable liquid,
occurring steadily and irreversibly on a time scale long com-
pared to those considered in Refs. 15 and 16. This finding
could already be anticipated from the supplement to Paper I26

and from Moore and Molinero’s previous study of crystalliza-
tion of mW water.27

The specific pathways by which simulated models
coarsen depend upon system size. For example, free en-
ergy barriers separating coexisting equilibrium basins scale
as N2/3, manifesting the presence of an interface.28 Similarly,
with increasing N, the thermally accessible widths of the two
basins decrease as N−1/2, and the width of the barrier grows.28

Due to the growing barrier height and barrier width, the fre-
quency of spontaneous events carrying a system between sta-
ble phases is therefore vanishingly small in the limit of large
N. Similarly, in or near the region of liquid instability (i.e.,
T close to or lower than the crossover temperature Ts), the
slope towards the crystal basin will increase in magnitude
as N increases. This behavior will affect the rate of “phase
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This paper extends our earlier studies of free energy functions of density and crystalline order pa-
rameters for models of supercooled water, which allows us to examine the possibility of two distinct
metastable liquid phases [D. T. Limmer and D. Chandler, J. Chem. Phys. 135, 134503 (2011) and
preprint arXiv:1107.0337 (2011)]. Low-temperature reversible free energy surfaces of several dif-
ferent atomistic models are computed: mW water, TIP4P/2005 water, Stillinger-Weber silicon, and
ST2 water, the last of these comparing three different treatments of long-ranged forces. In each case,
we show that there is one stable or metastable liquid phase, and there is an ice-like crystal phase.
The time scales for crystallization in these systems far exceed those of structural relaxation in the
supercooled metastable liquid. We show how this wide separation in time scales produces an illu-
sion of a low-temperature liquid-liquid transition. The phenomenon suggesting metastability of two
distinct liquid phases is actually coarsening of the ordered ice-like phase, which we elucidate us-
ing both analytical theory and computer simulation. For the latter, we describe robust methods for
computing reversible free energy surfaces, and we consider effects of electrostatic boundary condi-
tions. We show that sensible alterations of models and boundary conditions produce no qualitative
changes in low-temperature phase behaviors of these systems, only marginal changes in equations
of state. On the other hand, we show that altering sampling time scales can produce large and qual-
itative non-equilibrium effects. Recent reports of evidence of a liquid-liquid critical point in com-
puter simulations of supercooled water are considered in this light. © 2013 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4807479]

I. INTRODUCTION

This is our second paper examining whether molecu-
lar simulation provides support for the hypothesis that su-
percooled water possesses two distinct liquid phases with
a reversible coexistence line ending at a critical point.1 In
Paper I,2 we described our results for pertinent free energy
functions of three different models: the mW model of water,3

a variant of the ST2 model for water,4 and the Stillinger-
Weber model for Si.5 Each of these models has an equilib-
rium liquid phase with pair distributions and thermodynamic
anomalies like those of water, and each has an equilibrium
phase transition like that of water-ice freezing. For each, oth-
ers have claimed numerical evidence of liquid-liquid transi-
tions at supercooled conditions,1, 6–19 but our calculations de-
scribed in Paper I reveal no such behavior. Rather, for each
system we found that there can be at most one stable or
metastable liquid phase, and this liquid can coexist with crys-
talline ice. Here, we establish that results contrary to our find-
ings derive from lack of equilibration of slow fluctuations in
long range order. We also present new calculations for sev-
eral additional models reaching consistent conclusions in each
case. Specifically, for computer-simulation models of water
that exhibit liquid and ice-like phases, there is no liquid-liquid
transition, but there is non-equilibrium coarsening of ice
that others have misinterpreted as evidence of a liquid-liquid
transition.

a)Electronic mail: chandler@berkeley.edu

Figure 1 shows the relevant part of water’s phase diagram
and corresponding free energy surfaces. The liquid is the sta-
ble equilibrium phase for temperatures above the melting tem-
perature, i.e., T > Tm, and it is unstable below a stability tem-
perature, i.e., T < Ts. In between, for Ts < T < Tm, the liquid
is metastable with respect to crystal ice. Throughout much
of that intermediate region, structural reorganization of wa-
ter is slow, and it becomes slower in a super-Arrhenius fash-
ion as temperature is lowered.20 This sluggishness can present
problems for straightforward molecular simulation, as noted
below, but it is not so sluggish to prevent certain crystalliza-
tion of water when the liquid is cooled close to or below Ts.
Coarsening of water in that regime occurs on the time scale of
microseconds – fast for experiment, but slow for simulation.21

All speculations on the existence of a liquid-liquid phase tran-
sition in water locate that transition near or below Ts, the so-
called “no-man’s land” for liquid water. As such, it is difficult
for experiments to prove or disprove the liquid-liquid hypoth-
esis. It is left to simulation, which can reversibly control crys-
tallization, to see if such an idea could be correct within the
purview of statistical mechanics for plausible models of water
or water-like systems.

Calculations of free energy functions of relevant or-
der parameters are required when using simulation to es-
tablish phase behavior.22 As noted, such calculations can be
difficult, especially for supercooled water because fluctua-
tions in this regime are collective and slow. To address this
difficulty and sort out the phase behavior of supercooled
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relevant range of densities, free energies at other relevant pres-
sures are determined from Eq. (2), i.e., by straightforward
re-weighting.22, 50

3. Care applied to ensure reversibility

In each window, we initially equilibrated for up to 100
structural relaxation times as evaluated for the larger of either
the initial liquid density or the equilibrium of bias window
density. Production runs were between 50 and 1000 struc-
tural relaxation times, depending upon the length of time re-
quired to obtain reliable statistics as judged from cumulative
averages for Q6 and potential energy. Here, structural relax-
ation time refers to the simulation time, t, required for mean
square fluctuations in structure factors to decay from their ini-
tial value to 90% of their relaxed value.

Three different techniques for generating initial condi-
tions were used. Initial seeds were created by cooling an equi-
librium liquid initially prepared at T = 330 K at a rate of
10 K/ns until it reached the target temperature. Seeds from
this procedure were biased into different windows in steps
between adjacent windows, by gradually changing parame-
ters of the biasing potential W (xN ), Eq. (7), and with re-
equilibration runs in between each step. At high Q6, the crys-
tal that was spontaneously formed using this procedure in all
cases was a defected Ice Ic. For second generation seeds, we
assumed that the spontaneously formed crystal was the rele-
vant solid phase, so we prepared a perfect Ice Ic configuration,
which was used to sample intermediate and high Q6 states as
well as bias them into low Q6 regions to sample liquid states.
Third generation seeds were obtained by melting an Ice Ic
configuration and then using states along the melting trajec-
tory to seed intermediate Q6 windows. These configurations
were subsequently biased into the high and low Q6 regions,
again by gradually changing the parameters of W (xN ), and
again with new re-equilibration runs. In total, of the order of
103 independent biasing windows are used in the calculation
of an individual free energy surface. Specifically, we gener-
ated about 800 for each SW and mW free energy surface and

about 2500 for each ST2 and TIP4P/2005 model free energy
surface.

One issue to keep in mind if one chooses to use paral-
lel tempering and replica exchange22 is that the shape of the
free energy surface changes with temperature. A liquid basin
exists for T > Ts, but it does not exist for T ! Ts. Moving
between replicas that traverse this crossover will produce a
transient shadow of the higher temperature liquid basin in the
lower temperature replica. Appendix C illustrates how over-
looking this behavior can lead to poor free energy estimates
and false impressions of a second liquid basin. By using a con-
trol variable other than temperature, related methods might
be designed to increase the relevant diversity of sampled con-
figurations, but the underlying physics that makes a particu-
lar variable either applicable or inapplicable must always be
considered.

In principle, free energies can be correctly computed by
any number of different methods, provided the procedures
are truly reversible. This property, reversibility, was explic-
itly checked in our calculations by constructing plots of all
two-dimensional histograms and checking for hysteresis. Es-
timates of errors in free energy differences were made by
computing overlaps and gradients of the distributions ob-
tained by various routes. These steps, including bidirectional
biasing to and from the crystalline phase and creating many
independent realizations of initial conditions, follow standard
practices for computing free energies articulated in reviews
such as Ref. 29.

B. Results for different variants of the ST2 model

Figure 5 shows free energy surfaces we have computed
for three different versions of the ST2 model, variants that
differ only in the manner by which long-ranged forces are
computed. The phase behaviors in each case are similar, with
one liquid basin and one crystal basin. Indeed, the existence
of singularities in a partition sum is usually not sensitive to
subtle changes in potential energy function. This is true be-
cause the existence of a phase transition is mostly dictated

FIG. 5. Free energy surfaces, F(ρ, Q6; p, T), for three variants of the ST2 model at temperatures where others report evidence of liquid-liquid coexistence for
the ST2 model. Possibilities of two-phase coexistence require changes in convexity, as re-weighting through Eq. (2) in that case can produce two basins of equal
statistical weight. A coexistence pressure is then the value p + "p at which there is equal statistical weight. For the three variants considered, the only changes
in convexity are associated with coexistence between a liquid (low Q6) and a crystal (high Q6). (a) Free energy for the ST2a variant at T = 230 K and p = 2.2
kbar, with N = 216. (b) Free energy for the ST2b variant at T = 230 K and p = 2.2 kbar with N = 216. (c) Free energy for the ST2c variant at T = 235 K and p
= 2.05 kbar with N = 216. See text for definitions of the different variants. Contour lines are separated by 1.5kBT and statistical errors over the surfaces average
to less then 1 kBT. Quantitative features will change with system size. For example, as N grows, the mean value of Q6 in the liquid basin will vanish as 1/N1/2,
while in the crystal basin it will remain finite.

mW water
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We use the weighted histogram analysis method [S. Kumar, D. Bouzida, R. H. Swendsen, P. A.
Kollman, and J. M. Rosenberg, J. Comput. Chem. 13, 1011 (1992)] to calculate the free energy
surface of the ST2 model of water as a function of density and bond-orientational order. We per-
form our calculations at deeply supercooled conditions (T = 228.6 K, P = 2.2 kbar; T = 235 K,
P = 2.2 kbar) and focus our attention on the region of bond-orientational order that is relevant to
disordered phases. We find a first-order transition between a low-density liquid (LDL, ρ ≈ 0.9 g/cc)
and a high-density liquid (HDL, ρ ≈ 1.15 g/cc), confirming our earlier sampling of the free energy
surface of this model as a function of density [Y. Liu, A. Z. Panagiotopoulos, and P. G. Debenedetti,
J. Chem. Phys. 131, 104508 (2009)]. We demonstrate the disappearance of the LDL basin at high
pressure and of the HDL basin at low pressure, in agreement with independent simulations of the
system’s equation of state. Consistency between directly computed and reweighted free energies, as
well as between free energy surfaces computed using different thermodynamic starting conditions,
confirms proper equilibrium sampling. Diffusion and structural relaxation calculations demonstrate
that equilibration of the LDL phase, which exhibits slow dynamics, is attained in the course of the
simulations. Repeated flipping between the LDL and HDL phases in the course of long molecular
dynamics runs provides further evidence of a phase transition. We use the Ewald summation with
vacuum boundary conditions to calculate long-ranged Coulombic interactions and show that con-
ducting boundary conditions lead to unphysical behavior at low temperatures. © 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4769126]

I. INTRODUCTION

The distinctive physical properties of liquid water1, 2 in-
clude an unusually large isobaric heat capacity compared to
that of common liquids, expansion upon freezing, and nega-
tive thermal expansion below 4 ◦C. These characteristics exert
a profound influence on the earth’s physical landscape and on
its climate. Furthermore, because the chemical and physical
processes essential to life, as we know it, occur in an aque-
ous medium, the rates, mechanisms, and equilibrium states of
such processes are profoundly influenced by water’s physical
properties.1

Liquid water’s anomalies are exacerbated in the
supercooled state, when it is metastable with re-
spect to crystallization.3–6 For example, the isothermal
compressibility,7–9 isobaric heat capacity,10–14 and the mag-
nitude of the negative thermal expansion coefficient15–17 of
supercooled water at ambient pressure increase sharply with
decreasing temperature. The largest inventory of supercooled
water occurs in clouds4 and its physical properties determine
the mechanisms and rates of important atmospheric phenom-
ena such as ice formation, rainfall, and electrification.18–21

Ever since the pioneering work of Speedy and Angell focused
the attention of the scientific community on the properties of
supercooled water,7 there has been a sustained effort involv-
ing experiments, theory, and computer simulations aimed at

a)Author to whom correspondence should be addressed. Electronic mail:
pdebene@princeton.edu.

understanding the microscopic origin and thermodynamic
implications of the anomalous increase in water’s response
functions upon supercooling.

One interpretation of the experimental facts was pro-
posed by Poole et al. 20 years ago,22 based on computer sim-
ulations of the ST2 model of water.23 These authors proposed
that there exists in supercooled water a metastable, first-order
phase transition between high-density and low-density liquid
phases (HDL and LDL, respectively), which terminates at a
critical point. The presence of such a critical point would
explain the increase in response functions upon supercool-
ing. According to the liquid-liquid phase transition scenario
(LLPT), the experimentally-observed sharp density changes
that occur between the low- and high-density forms of glassy
water24–26 are but the structurally-arrested manifestation of
the LLPT. Alternative interpretations of the increase in re-
sponse functions upon supercooling do not, however, invoke
a LLPT.27–29

A phase transition between two liquid phases of the same
substance involves smaller density and enthalpy changes than,
say, a vapor-liquid transition. Accordingly, the characteristic
energy and hence the critical temperature associated with such
a liquid-liquid transition would be considerably lower than
the ordinary vapor-liquid critical temperature.30 Experimental
evidence either consistent with or suggestive of a liquid-liquid
transition in water31, 32 and other liquids33–39 has, accordingly,
invariably involved supercooled states.

Experimental studies aimed at substantiating or disprov-
ing the LLPT in water are especially challenging on account
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We carry out umbrella sampling Monte Carlo simulations to evaluate the free energy surface of the
ST2 model of water as a function of two order parameters, the density and a bond-orientational
order parameter. We approximate the long-range electrostatic interactions of the ST2 model using
the reaction-field method. We focus on state points in the vicinity of the liquid-liquid critical point
proposed for this model in earlier work. At temperatures below the predicted critical temperature we
find two basins in the free energy surface, both of which have liquid-like bond orientational order, but
differing in density. The pressure and temperature dependence of the shape of the free energy surface
is consistent with the assignment of these two basins to the distinct low density and high density
liquid phases previously predicted to occur in ST2 water. © 2013 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4775738]

I. INTRODUCTION

In 1992, the results of a computer simulation study of the
ST2 model1 of water were used to propose that a liquid-liquid
phase transition (LLPT) occurs in supercooled water.2 Below
the critical temperature Tc for the proposed LLPT, two distinct
phases of water, the low density liquid (LDL) and high den-
sity liquid (HDL) phases are separated by a first-order phase
transition. The predicted phase diagram for the ST2 model in
the plane of temperature T and pressure P in the vicinity of
the critical point is shown in Fig. 1.

An appealing feature of the LLPT proposal is that it si-
multaneously accounts for (a) the unusual thermodynamic be-
havior of liquid water in the supercooled region, and (b) the
occurrence of two distinct forms of amorphous solid water in
the glassy regime.3, 4 Evidence for a LLPT has been reported
in a number of simulation studies of water and water-like sys-
tems; see, e.g., Refs. 5–11. Experimentally, a LLPT has yet to
be decisively confirmed in supercooled water, and efforts to
resolve this question in the laboratory continue.12–15 The pre-
dicted location of the critical point in the supercooled regime
is challenging to study in experiments because of rapid ice
crystallization. In simulations, this problem is avoided when
the liquid can be studied on a time scale that is long relative to
the liquid-state relaxation time, but short compared to crystal
nucleation times.

Recently, Limmer and Chandler16 have challenged the
LLPT hypothesis. Using umbrella sampling Monte Carlo
(MC) simulations of two water models (mW17 and ST2 wa-
ter), Ref. 16 presents results for the free energy surface F(ρ,
Q6) of the liquid as a function of two order parameters, the
density ρ, and a bond-orientational order parameter Q6. Q6 is
a bulk order parameter used to distinguish crystalline configu-
rations from liquid or amorphous solid states of a system. Val-
ues of Q6 approaching zero correspond to disordered states,

while larger values of Q6 indicate greater degrees of crys-
talline order. The detailed definition of Q6 is given in Eqs. (1)–
(3) of Ref. 16, and is based on an analysis of the orientation of
local molecular environments (i.e., a molecule and its nearest
neighbors) in terms of spherical harmonics, as originally pro-
posed by Steinhardt et al.18 In the present work, we use the
same definition of Q6 as given in Ref. 16.

It has long been appreciated that the density of the pro-
posed LDL and HDL phases must be different. The innova-
tion of Ref. 16 is that by examining the dependence of F(ρ,
Q6) on Q6, Limmer and Chandler16 address the relationship
of the metastable liquid phase to the ordered crystalline ice
phases. If a LLPT occurs in a simulation model, then under
appropriate conditions of T and P, two distinct free energy
basins should be observed in F(ρ, Q6) in the low-Q6 (i.e.,
liquid-like) regime. For both the mW and ST2 water mod-
els, Ref. 16 reports that only one liquid-like free energy basin
is found in F(ρ, Q6), including, in the case of ST2 water,
at conditions below the proposed critical temperature of the
LLPT. Limmer and Chandler16 conclude that phenomena pre-
viously interpreted as evidence for a LLPT are in fact due to
the liquid-to-crystal phase transition.

Since the publication of Ref. 16, Liu et al.19 have reported
on their own evaluation of the free energy surface F(ρ, Q6)
found from umbrella sampling MC simulations of ST2 wa-
ter. Although they employ methods similar to those used in
Ref. 16, Liu et al.19 report a very different result: the observa-
tion of two distinct liquid free energy basins in F(ρ, Q6), with
properties consistent with the LLPT hypothesis. The results of
Ref. 19 are also consistent with an earlier study by the same
group reporting the free energy of ST2 water as a function of
ρ only.20

The precise reasons for the difference between the results
of Refs. 16 and 19 for F(ρ, Q6) remain unclear. Among the
differences in the approaches used in these two works, we

0021-9606/2013/138(3)/034505/7/$30.00 © 2013 American Institute of Physics138, 034505-1

Downloaded 17 Jan 2013 to 141.109.52.20. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions

ST2-RF, N=216



Methods
134503-7 Transitions in supercooled water J. Chem. Phys. 135, 134503 (2011)

FIG. 6. Free energies for the mST2 model of water. The system is periodically replicated and contains N = 216 molecules. Panel (a) is the contracted F̃ (ρ).
Panels (b) and (c) are the surfaces F̃ (ρ,Q6). Phase coexistence between amorphous and crystal phases occurs at "µ = 0.27 kBT , where "µ is the chemical
potential relative to that of phase space point (T , p)=(235 K, 2.2 kbar). Adjacent contour lines in (b) and (c) are spaced by 1 kBT and statistical uncertainties
are of the order of, or less than, that energy. Error bars in (a) are one standard deviation.

a different pressure or chemical potential for which the free
energy can be reached by a shift in chemical potential,

F̃ (ρ,Q6; T ,"µ) = F (ρ,Q6) − ρV̄ "µ, (10)

with "µ ≈ 0.55 kBT . Here, "µ is the chemical potential rel-
ative to that at (T , p) = (235 K, 2.2 kbar), and V̄ is the av-
erage volume of the system at that temperature and pressure.
A lower value of "µ brings the system to a point of coex-
istence between the liquid and the crystal. These free energy
surfaces are shown in panels (b) and (c) of Fig. 6. The free
energy computed by Liu et al. is the contraction

F̃ (ρ) = −kBT ln
!"

dQ6 exp
#
−βF (ρ,Q6) − βρV̄ "µ

$%
.

(11)
This function is shown in panel (a) of Fig. 6.

Like Liu et al., we find a bistable free energy at this tem-
perature and for this size system. The locations for the minima
we find for F̃ (ρ) are in good accord with those found by Liu
et al. But our free energy has a large barrier between the two
basins, reflecting a finite crystal-liquid surface tension, while
that reported by Liu et al. exhibits a small barrier. Liu et al.
suggest that their result is indicative of a liquid-liquid tran-
sition and the proximity of a critical point. However, our free
energy surface shows no such phase transition behavior. There
is only a crystal-liquid first-order transition. We suggest that
the Liu et al. result is a non-equilibrium phenomenon, where a
long molecular dynamics run at constant T − p and initiated
from their low-density amorphous phase will eventually equi-
librate in either the low density crystal or in the higher density
metastable liquid. The time scale for this equilibration is long,
as we discuss in Sec. V.

Whatever the cause for the Liu et al. results, the bista-
bility cannot be attributed to a liquid-liquid transition with-
out also showing that the barrier separating presumed liquid-
phase basins satisfies the requisite growth with N , scaling as
N2/3. This demonstration has not been done, and from our
results, it is unlikely that it can be done.

Another variant of the ST2 model, considered by Poole
et al.,38 uses a reaction field approximation to estimate the

effects of long-ranged forces. We call it the “ST2r” model.
One expects similar phase behaviors from the mST2 and ST2r
models.60 Based on an extrapolation from the equation of
state computed for ST2r model, Poole et al. predict the pres-
ence of a liquid-liquid transition, and the critical point lo-
cation obtained from that estimate is shown in Fig. 1. The
density-maximum reference temperature for both mST2 and
ST2r is T0 ≈ 330 K. Poole et al.’s estimate the critical tem-
perature to be Tc = 245 K. Our calculations for mST2, shown
in Fig. 6, are at the lower temperature, T = 235 K. Accord-
ingly, at some pressure, we should find bistable liquid behav-
ior if indeed a critical point existed at the higher tempera-
ture. But we find that upon adding "p V to our computed
F (ρ,Q6; 2.2 kbar, 235 K), where "p = p − 2.2 kbar, no sec-
ond liquid basin can be discerned for any reasonable value of
p. Therefore, and similar the to behavior found with the mW
model, extrapolation from the behavior of a one-phase system
as done in Ref. 38 proves to be a poor indicator of a phase
transition.

V. DYNAMIC METASTABILITY

To arrive at the results of Secs. IV A and IV B, equi-
libration is achieved with umbrella sampling. Various other
reweighting Monte Carlo procedures could be used.57, 61

Some researchers, however, attempt to learn about a possi-
ble reversible phase transition in supercooled water through
straightforward molecular dynamics simulation. This ap-
proach is limited to cases where relaxation is swift compared
to computationally feasible trajectory lengths, but relaxation
associated with phase transitions is generally not swift, es-
pecially at supercooled conditions. To judge the feasibility
of such an approach, it is therefore useful to estimate perti-
nent relaxation times. For supercooled water, there are two
important classes: times required to nucleate and grow a crys-
tal, and times required to reorganize atomic arrangements in
the liquid. We have estimated both with molecular dynam-
ics of mW water. We use the equilibrium sampling described
in Secs. IV A and IV B to prepare initial configurations
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FIG. 6. Free energies for the mST2 model of water. The system is periodically replicated and contains N = 216 molecules. Panel (a) is the contracted F̃ (ρ).
Panels (b) and (c) are the surfaces F̃ (ρ,Q6). Phase coexistence between amorphous and crystal phases occurs at "µ = 0.27 kBT , where "µ is the chemical
potential relative to that of phase space point (T , p)=(235 K, 2.2 kbar). Adjacent contour lines in (b) and (c) are spaced by 1 kBT and statistical uncertainties
are of the order of, or less than, that energy. Error bars in (a) are one standard deviation.

a different pressure or chemical potential for which the free
energy can be reached by a shift in chemical potential,

F̃ (ρ,Q6; T ,"µ) = F (ρ,Q6) − ρV̄ "µ, (10)

with "µ ≈ 0.55 kBT . Here, "µ is the chemical potential rel-
ative to that at (T , p) = (235 K, 2.2 kbar), and V̄ is the av-
erage volume of the system at that temperature and pressure.
A lower value of "µ brings the system to a point of coex-
istence between the liquid and the crystal. These free energy
surfaces are shown in panels (b) and (c) of Fig. 6. The free
energy computed by Liu et al. is the contraction

F̃ (ρ) = −kBT ln
!"

dQ6 exp
#
−βF (ρ,Q6) − βρV̄ "µ

$%
.

(11)
This function is shown in panel (a) of Fig. 6.

Like Liu et al., we find a bistable free energy at this tem-
perature and for this size system. The locations for the minima
we find for F̃ (ρ) are in good accord with those found by Liu
et al. But our free energy has a large barrier between the two
basins, reflecting a finite crystal-liquid surface tension, while
that reported by Liu et al. exhibits a small barrier. Liu et al.
suggest that their result is indicative of a liquid-liquid tran-
sition and the proximity of a critical point. However, our free
energy surface shows no such phase transition behavior. There
is only a crystal-liquid first-order transition. We suggest that
the Liu et al. result is a non-equilibrium phenomenon, where a
long molecular dynamics run at constant T − p and initiated
from their low-density amorphous phase will eventually equi-
librate in either the low density crystal or in the higher density
metastable liquid. The time scale for this equilibration is long,
as we discuss in Sec. V.

Whatever the cause for the Liu et al. results, the bista-
bility cannot be attributed to a liquid-liquid transition with-
out also showing that the barrier separating presumed liquid-
phase basins satisfies the requisite growth with N , scaling as
N2/3. This demonstration has not been done, and from our
results, it is unlikely that it can be done.

Another variant of the ST2 model, considered by Poole
et al.,38 uses a reaction field approximation to estimate the

effects of long-ranged forces. We call it the “ST2r” model.
One expects similar phase behaviors from the mST2 and ST2r
models.60 Based on an extrapolation from the equation of
state computed for ST2r model, Poole et al. predict the pres-
ence of a liquid-liquid transition, and the critical point lo-
cation obtained from that estimate is shown in Fig. 1. The
density-maximum reference temperature for both mST2 and
ST2r is T0 ≈ 330 K. Poole et al.’s estimate the critical tem-
perature to be Tc = 245 K. Our calculations for mST2, shown
in Fig. 6, are at the lower temperature, T = 235 K. Accord-
ingly, at some pressure, we should find bistable liquid behav-
ior if indeed a critical point existed at the higher tempera-
ture. But we find that upon adding "p V to our computed
F (ρ,Q6; 2.2 kbar, 235 K), where "p = p − 2.2 kbar, no sec-
ond liquid basin can be discerned for any reasonable value of
p. Therefore, and similar the to behavior found with the mW
model, extrapolation from the behavior of a one-phase system
as done in Ref. 38 proves to be a poor indicator of a phase
transition.

V. DYNAMIC METASTABILITY

To arrive at the results of Secs. IV A and IV B, equi-
libration is achieved with umbrella sampling. Various other
reweighting Monte Carlo procedures could be used.57, 61

Some researchers, however, attempt to learn about a possi-
ble reversible phase transition in supercooled water through
straightforward molecular dynamics simulation. This ap-
proach is limited to cases where relaxation is swift compared
to computationally feasible trajectory lengths, but relaxation
associated with phase transitions is generally not swift, es-
pecially at supercooled conditions. To judge the feasibility
of such an approach, it is therefore useful to estimate perti-
nent relaxation times. For supercooled water, there are two
important classes: times required to nucleate and grow a crys-
tal, and times required to reorganize atomic arrangements in
the liquid. We have estimated both with molecular dynam-
ics of mW water. We use the equilibrium sampling described
in Secs. IV A and IV B to prepare initial configurations
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FIG. 1. Phase behavior of the ST2-RF model predicted from previous work
using N = 1728 molecular dynamics simulations. Shown are the estimated
locations of the critical point (green circle) and the LDL-HDL coexistence
line (green line). In Ref. 24, the Clapeyron slope m of the coexistence line
near the critical point is estimated based on a mixture-model analysis of N
= 1728 molecular dynamics simulations. The estimate for the coexistence
line shown here is simply a straight line of slope m emanating from the crit-
ical point. Thus, the error bars associated with the critical point also apply
to the coexistence line drawn here. Estimates for the HDL spinodal (down-
triangles) and LDL spinodal (up-triangles) are also shown.6 Red circles locate
the state points at which we carry out series K, L, and M of the present work.

note two. First, Limmer and Chandler16 present results for
F(ρ, Q6) at various pressures as determined at one temper-
ature, T = 235 K, which is below but within error of the esti-
mated critical temperature Tc = 237 ± 4 K for the ST2 model
when studied with Ewald summations.20 Working this close
to Tc may make it difficult to discern distinct liquid basins in
the free energy surface within the statistical error. Liu et al.19

report results for a range of temperatures below Tc, from T
= 224 to 235 K, and show that the distinction between the two
liquid basins that they observe in F(ρ, Q6) becomes greater as
T decreases below Tc.

Second, in both Refs. 16 and 19, the method of Ewald
summation is used to approximate the long-range contribu-
tions to the electrostatic potential energy of the ST2 sys-
tem. However, Liu et al.19 report that their Ewald summa-
tion method employs vacuum boundary conditions, whereas
Limmer and Chandler16 use conducting boundary conditions.
Liu et al.19 note some significant sensitivity in the behav-
ior of their system as a function of these boundary condition
choices. If and how these boundary conditions might affect
the qualitative shape of the F(ρ, Q6) surface is incompletely
understood.

In light of the conflicting results of Refs. 16 and 19, we
present here a new evaluation of the free energy surface F(ρ,
Q6) of ST2 water. In order to expand our understanding of the
role of long-range interactions, we use a different approach to
account for the electrostatic energy, namely, the reaction field
method.21 Indeed, many of the previous studies of ST2 wa-
ter that relate to the LLPT hypothesis were conducted using
the reaction field method,5, 6, 22, 23 including the work in which
the occurrence of a LLPT was first proposed.2 Furthermore,
a recent umbrella sampling MC study of the ST2 model, us-
ing the reaction field method, showed that the shape of the
free energy as a function of ρ was consistent with the LLPT

hypothesis.22 An explicit examination of the F(ρ, Q6) surface
for the ST2 model with a reaction field treatment of the elec-
trostatics is therefore warranted. In addition, we also study a
range of temperatures and pressures in the vicinity of the pro-
posed critical point, to examine their influence on the F(ρ,
Q6) surface.

II. ST2 MODEL

We study the ST2 model of water proposed by Stillinger
and Rahman.1 The ST2 pair potential is a sum of a Lennard-
Jones (LJ) interaction (centered on the O atom), and elec-
trostatic interactions involving four tetrahedrally positioned
charges. Our model parameters for the geometry and pair in-
teractions of the ST2 water molecule are the same as those
given in Ref. 1. The potential energy U of our system is given
by

U = UE + ULJ + "ULJ, (1)

where UE and ULJ are the respective electrostatic and LJ con-
tributions. In our simulations, the LJ interaction is sharply cut
off when the O–O distance r exceeds Rc = 0.78 nm, and the
contribution from longer ranged LJ interactions is approxi-
mated by

"ULJ = −8πϵσ 6ρnN

3R3
c

, (2)

as described in the Appendix of Ref. 1. In Eq. (2), N is the
number of molecules, ρn is the number density of molecules,
and ϵ and σ are the respective energy and size parameters of
the LJ potential.

To evaluate UE, the electrostatic contributions to the po-
tential energy, we adopt the treatment used in the study of ST2
water by Steinhauser; see Eqs. (5) and (6) of Ref. 21. In this
approach, the electrostatic interactions of the ST2 model are
evaluated directly up to r = Rc using the original form given in
Ref. 1, including the use of a “switching function” to preclude
a divergence of the energy due to charge overlaps. The contri-
bution of electrostatic interactions beyond Rc is then approx-
imated using the reaction field method, in which the liquid
beyond Rc is treated as a polarizable dielectric continuum. As
in Ref. 21, we assume that the dielectric constant of the con-
tinuum liquid is ϵR = ∞. To avoid a sharp discontinuity in the
electrostatic interactions at Rc, a tapering function (described
in Ref. 21) is used to smoothly reduce the electrostatic inter-
action between two molecules (both direct and reaction field
contributions) to zero over the interval 0.95Rc < r < Rc.

The evaluation of the pair interactions as described above
is the same procedure that was used in a number of previ-
ous studies.2, 5, 6, 22, 24, 25 For the remainder of this paper, we
will refer to the reaction field version of ST2 described above
as ST2-RF, to emphasize the difference between the present
study and those works that have studied the ST2 model using
an Ewald treatment of the electrostatics.16, 19, 20

III. SIMULATION METHODS

Our aim is to evaluate the free energy surface F(ρ, Q6) for
the ST2-RF model in the vicinity of the predicted LLPT for

Downloaded 17 Jan 2013 to 141.109.52.20. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



Relaxation times
034505-4 Poole et al. J. Chem. Phys. 138, 034505 (2013)

104 105 106 107

t (MCS)

0.0

0.2

0.4

0.6

0.8

1.0

f(
t)

105 106 107

t (MCS)
105 106 107

t (MCS)

(a) (b) (c)

FIG. 3. Collective intermediate scattering function f(t) for the lowest value of ρ* from each series: (a) K, ρ* = 0.93 g/cm3; (b) L, ρ* = 0.95 g/cm3; and (c) M,
ρ* = 0.95 g/cm3. These are the most slowly relaxing runs used in our analysis. The black lines give f(t) for each of the 10 independent runs conducted at the
same values of (T , P, ρ∗,Q∗

6), and the thick red line is their average.

averaging f(t) over the 10 runs at each choice of
(T , P, ρ∗,Q∗

6), we estimate the alpha-relaxation time τα as
the time at which f(t) = e−1. As shown in Fig. 4, in all cases
we find τα < 2 × 105 MCS. To account for equilibration, we
then discard the results for t < τ e of each run, where τ e =
20τα or 104 MCS, whichever is larger. The resulting length
τ run of each production run that is used in our analysis is
shown in Fig. 4, compared to the corresponding value of τα .
In terms of τα , the lengths of our production runs range be-
tween 175τα and 4400τα . As shown in Fig. 3, even our most
slowly relaxing individual simulations are run for a time that
is at least two orders of magnitude longer than the correspond-
ing value of τα .

To estimate F(ρ, Q6), F̄ (ρ), and the associated error,
we use the multistage Bennet acceptance ratio (MBAR)
method.26 The MBAR method takes as input the time series
of the order parameters (ρ and Q6) and the system potential
energy U, reweights the statistics obtained from each run to
remove the effect of the biasing potential, and produces an
optimal estimate of the desired free energy function at a spec-
ified value of T and P. The MBAR method also facilitates
reweighting the configurations sampled during our runs with
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FIG. 4. Comparison of τα (filled symbols) and τ run (open symbols) as a
function of ρ* for series K (circles), L (squares), and M (diamonds). Values
of τα < 104 MCS are not shown.

respect to T and/or P, allowing the statistics from different
state points to be combined to produce an estimate of F(ρ,
Q6) or F̄ (ρ) at T-P state points that lie near to the conditions
at which we carry out our simulations.

For the purpose of estimating the free energy and its error
using MBAR, we wish to consider only those configurations
from our runs that are statistically independent. We assume
that statistically independent configurations are separated by
τα or 104 MCS, whichever is larger. All other configurations
are ignored in our analysis. Note that in all our plots the in-
dicated error is the error with respect to the minimum value
of the estimated free energy, which in most cases is arbitrar-
ily set to zero. Also, all error bars reported here represent one
standard deviation of error.

IV. RESULTS

First, we compare the results obtained for F̄ (ρ) at the two
state points directly simulated in our runs. Series K and M are
both conducted at T = 240 K and P = 215 MPa, while series
L is conducted at T = 240 K and P = 200 MPa. The results for
F̄ (ρ) obtained using only series K and M, and that obtained
using only series L are compared in Fig. 5. The shapes of
both curves suggest the existence of two distinct free energy
minima separated by an interval of thermodynamic instability
with respect to ρ, as indicated by concave-down curvature of
F̄ (ρ). One minimum is centred near 0.9 g/cm3 and the other
near 1.05 g/cm3.

To check that the statistics we have gathered in series K
and M are consistent with the results obtained from series L
(and vice versa), we also show in Fig. 5 the result for F̄ (ρ)
found by reweighting our data from series K and M to P
= 200 MPa, and the result found by reweighting our data from
series L to P = 215 MPa. The reweighted results are in good
agreement with the unreweighted curves, confirming that both
data sets have independently converged to equilibrium. In the
remainder of this paper, all results shown for F̄ (ρ) and F(ρ,
Q6) are, therefore, obtained by combining the statistics from
all three simulations series, K, L, and M.
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FIG. 3. Collective intermediate scattering function f(t) for the lowest value of ρ* from each series: (a) K, ρ* = 0.93 g/cm3; (b) L, ρ* = 0.95 g/cm3; and (c) M,
ρ* = 0.95 g/cm3. These are the most slowly relaxing runs used in our analysis. The black lines give f(t) for each of the 10 independent runs conducted at the
same values of (T , P, ρ∗,Q∗

6), and the thick red line is their average.

averaging f(t) over the 10 runs at each choice of
(T , P, ρ∗,Q∗

6), we estimate the alpha-relaxation time τα as
the time at which f(t) = e−1. As shown in Fig. 4, in all cases
we find τα < 2 × 105 MCS. To account for equilibration, we
then discard the results for t < τ e of each run, where τ e =
20τα or 104 MCS, whichever is larger. The resulting length
τ run of each production run that is used in our analysis is
shown in Fig. 4, compared to the corresponding value of τα .
In terms of τα , the lengths of our production runs range be-
tween 175τα and 4400τα . As shown in Fig. 3, even our most
slowly relaxing individual simulations are run for a time that
is at least two orders of magnitude longer than the correspond-
ing value of τα .

To estimate F(ρ, Q6), F̄ (ρ), and the associated error,
we use the multistage Bennet acceptance ratio (MBAR)
method.26 The MBAR method takes as input the time series
of the order parameters (ρ and Q6) and the system potential
energy U, reweights the statistics obtained from each run to
remove the effect of the biasing potential, and produces an
optimal estimate of the desired free energy function at a spec-
ified value of T and P. The MBAR method also facilitates
reweighting the configurations sampled during our runs with
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FIG. 4. Comparison of τα (filled symbols) and τ run (open symbols) as a
function of ρ* for series K (circles), L (squares), and M (diamonds). Values
of τα < 104 MCS are not shown.

respect to T and/or P, allowing the statistics from different
state points to be combined to produce an estimate of F(ρ,
Q6) or F̄ (ρ) at T-P state points that lie near to the conditions
at which we carry out our simulations.

For the purpose of estimating the free energy and its error
using MBAR, we wish to consider only those configurations
from our runs that are statistically independent. We assume
that statistically independent configurations are separated by
τα or 104 MCS, whichever is larger. All other configurations
are ignored in our analysis. Note that in all our plots the in-
dicated error is the error with respect to the minimum value
of the estimated free energy, which in most cases is arbitrar-
ily set to zero. Also, all error bars reported here represent one
standard deviation of error.

IV. RESULTS

First, we compare the results obtained for F̄ (ρ) at the two
state points directly simulated in our runs. Series K and M are
both conducted at T = 240 K and P = 215 MPa, while series
L is conducted at T = 240 K and P = 200 MPa. The results for
F̄ (ρ) obtained using only series K and M, and that obtained
using only series L are compared in Fig. 5. The shapes of
both curves suggest the existence of two distinct free energy
minima separated by an interval of thermodynamic instability
with respect to ρ, as indicated by concave-down curvature of
F̄ (ρ). One minimum is centred near 0.9 g/cm3 and the other
near 1.05 g/cm3.

To check that the statistics we have gathered in series K
and M are consistent with the results obtained from series L
(and vice versa), we also show in Fig. 5 the result for F̄ (ρ)
found by reweighting our data from series K and M to P
= 200 MPa, and the result found by reweighting our data from
series L to P = 215 MPa. The reweighted results are in good
agreement with the unreweighted curves, confirming that both
data sets have independently converged to equilibrium. In the
remainder of this paper, all results shown for F̄ (ρ) and F(ρ,
Q6) are, therefore, obtained by combining the statistics from
all three simulations series, K, L, and M.
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FIG. 5. Contracted free energy F̄ (ρ) at T = 240 K, at two different pressures.
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by analyzing series L at P = 200 MPa, the pressure at which this series is
conducted; the open squares are obtained by reweighting these results to P
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FIG. 6. Contracted free energy F̄ (ρ) at T = 240 K and P = 204.5 MPa,
obtained by combining all results from series K, L, and M.

In Fig. 6, we show F̄ (ρ) at T = 240 K and P = 204.5
MPa, a pressure intermediate between those shown in Fig. 5.
At this state point, F̄ (ρ) clearly displays two distinct free en-
ergy minima, separated by a free energy barrier of approxi-
mately 1kT, a typical value when T is close to Tc.

We next analyze the behavior of the free energy surface
F(ρ, Q6). Figure 7 shows contour plots of F(ρ, Q6) at T
= 240 K for three pressures from P = 195 to 230 MPa.
The F(ρ, Q6) surface at P = 204.5 MPa simultaneously dis-
plays two free energy basins, each corresponding to a distinct
metastable thermodynamic phase. The minima of both basins
are located at liquid-like values of Q6 in the range 0.05–0.065.
The shape of both basins shows that the phases they represent
are locally stable with respect to fluctuations in both ρ and Q6.
The stability of both phases with respect to Q6, highlighted in
Fig. 8, shows that neither free energy basin is connected via
a monatonic “downhill” path to any of the free energy basins
associated with the various phases of crystalline ice, which
are expected to occur at much higher values of Q6 ≃ 0.5. The
properties of the phases associated with the two basins shown
in Fig. 7(b) are, therefore, consistent with two distinct liquids,
the LDL and HDL phases, predicted to occur in the ST2-RF
model in earlier work.2, 6, 22

If the two basins shown in Fig. 7(b) are consistent with
a LLPT between LDL and HDL phases, then increasing the
pressure at constant T should cause the LDL basin to disap-
pear, and decreasing the pressure should cause the HDL basin
to disappear, as both phases reach the respective spinodal lim-
its that bracket the coexistence curve (see Fig. 1). This is illus-
trated in Figs. 7(a) and 7(c). At P = 195 MPa, only the LDL
basin remains, while at P = 230 MPa only the HDL basin is
observed.

We note that at T = 240 K, the pressure range found here
that corresponds to the region between the HDL and LDL
spinodals appears to be shifted downward by about 10 MPa
relative to the thermodynamic features shown in Fig. 1.
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FIG. 7. Contour plots of F(ρ, Q6) at T = 240 K for (a) P = 195 MPa, (b) P = 204.5 MPa, and (c) P = 230 MPa. To evaluate these surfaces, we have coarse-
grained the plane of ρ and Q6 into rectangular cells of dimensions "ρ = 0.02 g/cm3 and "Q6 = 0.01. Data from all series (K, L, and M) are combined and
analyzed to obtain these plots. For each panel, contours are separated by 0.5kT, and the error in F is 0.5kT or less. The lowest lying values of F in each plot are
labelled LDL and/or HDL.

Downloaded 17 Jan 2013 to 141.109.52.20. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions

034505-3 Poole et al. J. Chem. Phys. 138, 034505 (2013)

this model. To define F(ρ, Q6), let p(ρ, Q6) be proportional
to the equilibrium probability for a microstate of the system
at fixed values of N, T, and P to have order parameter values
ρ and Q6. The conditional Gibbs free energy F(ρ, Q6) is then
defined by

F (ρ,Q6) = −kT ln p(ρ,Q6) + F0, (3)

where F0 is an (irrelevant) constant related to the normaliza-
tion of p, and k is Boltzmann’s constant.16

We also define the “contraction” of F with respect to Q6

as

F̄ (ρ) = −kT ln
!" Qmax

6

0
dQ6 exp[−βF (ρ,Q6)]

#
, (4)

where β = 1/kT.16 F̄ (ρ) represents the free energy as a func-
tion of ρ that would be found from an ensemble of states in
which Q6 is free to vary between zero and Qmax

6 . In this work,
we are concerned with the liquid-like range of Q6. As shown
below, we find that setting Qmax

6 = 0.09 is sufficient to char-
acterize F̄ (ρ) for the liquid-like basins of the free energy
surface.

Following the approach of Ref. 16, we use umbrella sam-
pling MC simulations to evaluate F(ρ, Q6). We carry out MC
simulations in the constant-(N, P, T) ensemble, and to imple-
ment umbrella sampling, we add a biasing potential

UB = k1(ρ − ρ∗)2 + k2(Q6 − Q∗
6)2 (5)

to the system potential energy U in Eq. (1). The effect of UB

is to constrain a given simulation to sample configurations in
the vicinity of chosen values of the order parameters ρ = ρ*
and Q6 = Q∗

6. In all our simulations, we fix N = 216, k1

= 1000kT (cm3/g)2, and k2 = 2000kT.
Trial configurations for each Monte Carlo step (MCS) are

generated as follows: First, we carry out a mini-trajectory of
10 unbiased (i.e., UB = 0) constant-(N, P, T) MC moves, in
which each move consists (on average) of N − 1 attempted
rototranslational moves, and one attempted change of the sys-
tem volume. The maximum size of the attempted rototransla-
tional and volume changes are chosen to give MC acceptance
ratios in the range 25%–40%, depending on the thermody-
namic conditions. Next, the change in the biasing potential
UB is evaluated for the trial configuration resulting from the
mini-trajectory, relative to the system configuration at the be-
ginning of the mini-trajectory, to determine the acceptance or
rejection of the trial configuration. This completes one MCS,
and the procedure is then repeated.

In order to identify the T-P state points at which to con-
duct our runs, we use the location of the LLPT reported in
previous work. Figure 1 shows the estimates for the critical
point and coexistence line obtained from N = 1728 molecu-
lar dynamics simulations of the ST2-RF model. Of particular
importance are the locations of the spinodal lines for the LDL
and HDL phases. These spinodal lines demarcate the stability
limits for each phase. Consequently, if liquid-liquid coexis-
tence does indeed occur in the ST2-RF model, the F(ρ, Q6)
surface will simultaneously exhibit two distinct liquid basins
only for state points lying in the region between the HDL and
LDL spinodals. It is in this region of states that we focus our
simulations. To carry out our runs, we select pressures that lie

between or near to the HDL and LDL spinodals, and a tem-
perature (T = 240 K) that is 7 K below the estimated critical
temperature of Tc = 247 ± 3 for the ST2-RF model.24

We carry out three distinct series of runs. In the fol-
lowing, “series K” denotes the set of runs conducted at T
= 240 K, P = 215 MPa, Q∗

6 = 0.05, and equally spaced val-
ues of ρ* from 0.93 to 1.15 g/cm3, separated by 0.01 g/cm3.
“Series L” denotes runs conducted at T = 240 K, P
= 200 MPa, Q∗

6 = 0.05, and equally spaced values of ρ* from
0.95 to 1.15 g/cm3, separated by 0.01 g/cm3. “Series M” de-
notes runs conducted at T = 240 K, P = 215 MPa, Q∗

6 = 0.09,
and ρ* = 0.95 g/cm3. The state points in the T-P plane corre-
sponding to series K, L, and M are identified in Fig. 1. For all
distinct choices of (T , P, ρ∗,Q∗

6) in the above series, we con-
duct 10 separate runs, each initiated from independent start-
ing configurations. The results presented here are thus based
on an analysis of 450 independent runs.

All our runs are carried out for between 5 × 106 and 5
× 107 MCS. Using the second half of each run, we compute
f(t), the collective intermediate scattering function as a func-
tion of time t. We evaluate f(t) at the lowest-wavenumber peak
in the static structure factor for the O atoms, i.e., the so-called
first sharp diffraction peak of molecular tetrahedral networks.
As shown in Figs. 2 and 3, in all cases f(t) decays to zero on a
time scale which is short compared to the lengths of our runs.
Hence, the system behaviour is consistent with liquid-like re-
laxation under all conditions simulated in this study. After
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FIG. 2. Time dependence of the collective intermediate scattering function
f(t) for runs with various values of ρ* in series (a) K and (b) L. Each curve is
an average over 10 runs.
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FIG. 1. Phase behavior of the ST2-RF model predicted from previous work
using N = 1728 molecular dynamics simulations. Shown are the estimated
locations of the critical point (green circle) and the LDL-HDL coexistence
line (green line). In Ref. 24, the Clapeyron slope m of the coexistence line
near the critical point is estimated based on a mixture-model analysis of N
= 1728 molecular dynamics simulations. The estimate for the coexistence
line shown here is simply a straight line of slope m emanating from the crit-
ical point. Thus, the error bars associated with the critical point also apply
to the coexistence line drawn here. Estimates for the HDL spinodal (down-
triangles) and LDL spinodal (up-triangles) are also shown.6 Red circles locate
the state points at which we carry out series K, L, and M of the present work.

note two. First, Limmer and Chandler16 present results for
F(ρ, Q6) at various pressures as determined at one temper-
ature, T = 235 K, which is below but within error of the esti-
mated critical temperature Tc = 237 ± 4 K for the ST2 model
when studied with Ewald summations.20 Working this close
to Tc may make it difficult to discern distinct liquid basins in
the free energy surface within the statistical error. Liu et al.19

report results for a range of temperatures below Tc, from T
= 224 to 235 K, and show that the distinction between the two
liquid basins that they observe in F(ρ, Q6) becomes greater as
T decreases below Tc.

Second, in both Refs. 16 and 19, the method of Ewald
summation is used to approximate the long-range contribu-
tions to the electrostatic potential energy of the ST2 sys-
tem. However, Liu et al.19 report that their Ewald summa-
tion method employs vacuum boundary conditions, whereas
Limmer and Chandler16 use conducting boundary conditions.
Liu et al.19 note some significant sensitivity in the behav-
ior of their system as a function of these boundary condition
choices. If and how these boundary conditions might affect
the qualitative shape of the F(ρ, Q6) surface is incompletely
understood.

In light of the conflicting results of Refs. 16 and 19, we
present here a new evaluation of the free energy surface F(ρ,
Q6) of ST2 water. In order to expand our understanding of the
role of long-range interactions, we use a different approach to
account for the electrostatic energy, namely, the reaction field
method.21 Indeed, many of the previous studies of ST2 wa-
ter that relate to the LLPT hypothesis were conducted using
the reaction field method,5, 6, 22, 23 including the work in which
the occurrence of a LLPT was first proposed.2 Furthermore,
a recent umbrella sampling MC study of the ST2 model, us-
ing the reaction field method, showed that the shape of the
free energy as a function of ρ was consistent with the LLPT

hypothesis.22 An explicit examination of the F(ρ, Q6) surface
for the ST2 model with a reaction field treatment of the elec-
trostatics is therefore warranted. In addition, we also study a
range of temperatures and pressures in the vicinity of the pro-
posed critical point, to examine their influence on the F(ρ,
Q6) surface.

II. ST2 MODEL

We study the ST2 model of water proposed by Stillinger
and Rahman.1 The ST2 pair potential is a sum of a Lennard-
Jones (LJ) interaction (centered on the O atom), and elec-
trostatic interactions involving four tetrahedrally positioned
charges. Our model parameters for the geometry and pair in-
teractions of the ST2 water molecule are the same as those
given in Ref. 1. The potential energy U of our system is given
by

U = UE + ULJ + "ULJ, (1)

where UE and ULJ are the respective electrostatic and LJ con-
tributions. In our simulations, the LJ interaction is sharply cut
off when the O–O distance r exceeds Rc = 0.78 nm, and the
contribution from longer ranged LJ interactions is approxi-
mated by

"ULJ = −8πϵσ 6ρnN

3R3
c

, (2)

as described in the Appendix of Ref. 1. In Eq. (2), N is the
number of molecules, ρn is the number density of molecules,
and ϵ and σ are the respective energy and size parameters of
the LJ potential.

To evaluate UE, the electrostatic contributions to the po-
tential energy, we adopt the treatment used in the study of ST2
water by Steinhauser; see Eqs. (5) and (6) of Ref. 21. In this
approach, the electrostatic interactions of the ST2 model are
evaluated directly up to r = Rc using the original form given in
Ref. 1, including the use of a “switching function” to preclude
a divergence of the energy due to charge overlaps. The contri-
bution of electrostatic interactions beyond Rc is then approx-
imated using the reaction field method, in which the liquid
beyond Rc is treated as a polarizable dielectric continuum. As
in Ref. 21, we assume that the dielectric constant of the con-
tinuum liquid is ϵR = ∞. To avoid a sharp discontinuity in the
electrostatic interactions at Rc, a tapering function (described
in Ref. 21) is used to smoothly reduce the electrostatic inter-
action between two molecules (both direct and reaction field
contributions) to zero over the interval 0.95Rc < r < Rc.

The evaluation of the pair interactions as described above
is the same procedure that was used in a number of previ-
ous studies.2, 5, 6, 22, 24, 25 For the remainder of this paper, we
will refer to the reaction field version of ST2 described above
as ST2-RF, to emphasize the difference between the present
study and those works that have studied the ST2 model using
an Ewald treatment of the electrostatics.16, 19, 20

III. SIMULATION METHODS

Our aim is to evaluate the free energy surface F(ρ, Q6) for
the ST2-RF model in the vicinity of the predicted LLPT for
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FIG. 5. Contracted free energy F̄ (ρ) at T = 240 K, at two different pressures.
The filled circles are obtained by analyzing series K and M at P = 215 MPa,
the pressure at which these series are conducted; the open circles are obtained
by reweighting these results to P = 200 MPa. The filled squares are obtained
by analyzing series L at P = 200 MPa, the pressure at which this series is
conducted; the open squares are obtained by reweighting these results to P
= 215 MPa.
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FIG. 6. Contracted free energy F̄ (ρ) at T = 240 K and P = 204.5 MPa,
obtained by combining all results from series K, L, and M.

In Fig. 6, we show F̄ (ρ) at T = 240 K and P = 204.5
MPa, a pressure intermediate between those shown in Fig. 5.
At this state point, F̄ (ρ) clearly displays two distinct free en-
ergy minima, separated by a free energy barrier of approxi-
mately 1kT, a typical value when T is close to Tc.

We next analyze the behavior of the free energy surface
F(ρ, Q6). Figure 7 shows contour plots of F(ρ, Q6) at T
= 240 K for three pressures from P = 195 to 230 MPa.
The F(ρ, Q6) surface at P = 204.5 MPa simultaneously dis-
plays two free energy basins, each corresponding to a distinct
metastable thermodynamic phase. The minima of both basins
are located at liquid-like values of Q6 in the range 0.05–0.065.
The shape of both basins shows that the phases they represent
are locally stable with respect to fluctuations in both ρ and Q6.
The stability of both phases with respect to Q6, highlighted in
Fig. 8, shows that neither free energy basin is connected via
a monatonic “downhill” path to any of the free energy basins
associated with the various phases of crystalline ice, which
are expected to occur at much higher values of Q6 ≃ 0.5. The
properties of the phases associated with the two basins shown
in Fig. 7(b) are, therefore, consistent with two distinct liquids,
the LDL and HDL phases, predicted to occur in the ST2-RF
model in earlier work.2, 6, 22

If the two basins shown in Fig. 7(b) are consistent with
a LLPT between LDL and HDL phases, then increasing the
pressure at constant T should cause the LDL basin to disap-
pear, and decreasing the pressure should cause the HDL basin
to disappear, as both phases reach the respective spinodal lim-
its that bracket the coexistence curve (see Fig. 1). This is illus-
trated in Figs. 7(a) and 7(c). At P = 195 MPa, only the LDL
basin remains, while at P = 230 MPa only the HDL basin is
observed.

We note that at T = 240 K, the pressure range found here
that corresponds to the region between the HDL and LDL
spinodals appears to be shifted downward by about 10 MPa
relative to the thermodynamic features shown in Fig. 1.
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FIG. 7. Contour plots of F(ρ, Q6) at T = 240 K for (a) P = 195 MPa, (b) P = 204.5 MPa, and (c) P = 230 MPa. To evaluate these surfaces, we have coarse-
grained the plane of ρ and Q6 into rectangular cells of dimensions "ρ = 0.02 g/cm3 and "Q6 = 0.01. Data from all series (K, L, and M) are combined and
analyzed to obtain these plots. For each panel, contours are separated by 0.5kT, and the error in F is 0.5kT or less. The lowest lying values of F in each plot are
labelled LDL and/or HDL.
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this model. To define F(ρ, Q6), let p(ρ, Q6) be proportional
to the equilibrium probability for a microstate of the system
at fixed values of N, T, and P to have order parameter values
ρ and Q6. The conditional Gibbs free energy F(ρ, Q6) is then
defined by

F (ρ,Q6) = −kT ln p(ρ,Q6) + F0, (3)

where F0 is an (irrelevant) constant related to the normaliza-
tion of p, and k is Boltzmann’s constant.16

We also define the “contraction” of F with respect to Q6

as

F̄ (ρ) = −kT ln
!" Qmax

6

0
dQ6 exp[−βF (ρ,Q6)]

#
, (4)

where β = 1/kT.16 F̄ (ρ) represents the free energy as a func-
tion of ρ that would be found from an ensemble of states in
which Q6 is free to vary between zero and Qmax

6 . In this work,
we are concerned with the liquid-like range of Q6. As shown
below, we find that setting Qmax

6 = 0.09 is sufficient to char-
acterize F̄ (ρ) for the liquid-like basins of the free energy
surface.

Following the approach of Ref. 16, we use umbrella sam-
pling MC simulations to evaluate F(ρ, Q6). We carry out MC
simulations in the constant-(N, P, T) ensemble, and to imple-
ment umbrella sampling, we add a biasing potential

UB = k1(ρ − ρ∗)2 + k2(Q6 − Q∗
6)2 (5)

to the system potential energy U in Eq. (1). The effect of UB

is to constrain a given simulation to sample configurations in
the vicinity of chosen values of the order parameters ρ = ρ*
and Q6 = Q∗

6. In all our simulations, we fix N = 216, k1

= 1000kT (cm3/g)2, and k2 = 2000kT.
Trial configurations for each Monte Carlo step (MCS) are

generated as follows: First, we carry out a mini-trajectory of
10 unbiased (i.e., UB = 0) constant-(N, P, T) MC moves, in
which each move consists (on average) of N − 1 attempted
rototranslational moves, and one attempted change of the sys-
tem volume. The maximum size of the attempted rototransla-
tional and volume changes are chosen to give MC acceptance
ratios in the range 25%–40%, depending on the thermody-
namic conditions. Next, the change in the biasing potential
UB is evaluated for the trial configuration resulting from the
mini-trajectory, relative to the system configuration at the be-
ginning of the mini-trajectory, to determine the acceptance or
rejection of the trial configuration. This completes one MCS,
and the procedure is then repeated.

In order to identify the T-P state points at which to con-
duct our runs, we use the location of the LLPT reported in
previous work. Figure 1 shows the estimates for the critical
point and coexistence line obtained from N = 1728 molecu-
lar dynamics simulations of the ST2-RF model. Of particular
importance are the locations of the spinodal lines for the LDL
and HDL phases. These spinodal lines demarcate the stability
limits for each phase. Consequently, if liquid-liquid coexis-
tence does indeed occur in the ST2-RF model, the F(ρ, Q6)
surface will simultaneously exhibit two distinct liquid basins
only for state points lying in the region between the HDL and
LDL spinodals. It is in this region of states that we focus our
simulations. To carry out our runs, we select pressures that lie

between or near to the HDL and LDL spinodals, and a tem-
perature (T = 240 K) that is 7 K below the estimated critical
temperature of Tc = 247 ± 3 for the ST2-RF model.24

We carry out three distinct series of runs. In the fol-
lowing, “series K” denotes the set of runs conducted at T
= 240 K, P = 215 MPa, Q∗

6 = 0.05, and equally spaced val-
ues of ρ* from 0.93 to 1.15 g/cm3, separated by 0.01 g/cm3.
“Series L” denotes runs conducted at T = 240 K, P
= 200 MPa, Q∗

6 = 0.05, and equally spaced values of ρ* from
0.95 to 1.15 g/cm3, separated by 0.01 g/cm3. “Series M” de-
notes runs conducted at T = 240 K, P = 215 MPa, Q∗

6 = 0.09,
and ρ* = 0.95 g/cm3. The state points in the T-P plane corre-
sponding to series K, L, and M are identified in Fig. 1. For all
distinct choices of (T , P, ρ∗,Q∗

6) in the above series, we con-
duct 10 separate runs, each initiated from independent start-
ing configurations. The results presented here are thus based
on an analysis of 450 independent runs.

All our runs are carried out for between 5 × 106 and 5
× 107 MCS. Using the second half of each run, we compute
f(t), the collective intermediate scattering function as a func-
tion of time t. We evaluate f(t) at the lowest-wavenumber peak
in the static structure factor for the O atoms, i.e., the so-called
first sharp diffraction peak of molecular tetrahedral networks.
As shown in Figs. 2 and 3, in all cases f(t) decays to zero on a
time scale which is short compared to the lengths of our runs.
Hence, the system behaviour is consistent with liquid-like re-
laxation under all conditions simulated in this study. After
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FIG. 2. Time dependence of the collective intermediate scattering function
f(t) for runs with various values of ρ* in series (a) K and (b) L. Each curve is
an average over 10 runs.
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FIG. 8. Slices through the free energy surface F(ρ, Q6) for T = 240 K and
P = 204.5 MPa [shown in Fig. 7(b)] as a function of Q6, passing through the
minima of the LDL basin at ρ = 0.90 g/cm3 (circles), and the HDL basin at
ρ = 1.04 g/cm3 (squares).

However, this difference is less than the error associated with
the results in Fig. 1 for the location of the critical point and
coexistence line. Considering that the features in Fig. 1 are
based on an extrapolation of equation-of-state data from N
= 1728 molecular dynamics simulations,6, 24 and considering
the possibility of differences due to finite-size effects when
comparing with our N = 216 results, the agreement between
the behavior observed here and that predicted in Fig. 1 is quite
satisfactory.

Finally, in Fig. 9 we show the evolution of F̄ (ρ) along
a path in the T-P plane that approaches the vicinity of the
predicted critical point in ST2-RF. Consistent with the occur-
rence of a line of first-order phase transitions terminating in a
critical point, the two basins in F̄ (ρ) are separated by a higher
free energy barrier at lower T, which decreases in height, and
then disappears, on approach to the critical point. Figure 9
also confirms that the density of the HDL phase varies signifi-
cantly with T, whereas that of the LDL phase is comparatively
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FIG. 9. Contracted free energy F̄ (ρ) at several state points approaching the
liquid-liquid critical point. From bottom to top, the state points are: T = 230 K
and P = 245 MPa; T = 235 K and P = 225 MPa; T = 240 K and P
= 204.5 MPa; T = 245 K and P = 184 MPa; and T = 250 K and P
= 164 MPa. Each curve has been shifted by an arbitrary constant to facilitate
comparison. The combined data from all series (K, L, and M) are analyzed to
obtain each curve.

insensitive to changes in T. This observation is consistent with
previous studies of the free energy of ST2 water that have ob-
served distinct HDL and LDL basins.19, 20, 22

V. DISCUSSION

In summary, for the ST2-RF model, we find two distinct
basins in the free energy surface F(ρ, Q6), differing in density,
but both occurring at low values of Q6, assuring that they cor-
respond to disordered thermodynamic phases. Furthermore,
our results for the structural relaxation times demonstrate
that both basins correspond to equilibrated metastable liquid
phases. These observations, and the dependence of the shape
and position of the basins as a function of T and P are en-
tirely consistent with the occurrence of a LLPT in the ST2-
RF model of water, as described in previous work.2, 5, 6, 22, 23

Our results are also consistent with those of Liu and co-
workers19, 20 for the ST2 model using an Ewald treatment
of the electrostatics. Our results are qualitatively different
from the behavior of the ST2 system reported by Limmer and
Chandler,16 and also are not consistent with their proposal that
all the behavior previously ascribed to a LLPT in water-like
models is in fact associated with the liquid-to-crystal
transition.

We note that Limmer and Chandler27 have argued that
the observation of two liquid basins in F(ρ, Q6) could arise as
an artifact of restricting the sampling to low values of Q6; see
Fig. 9 of Ref. 27 and the accompanying discussion. Limmer
and Chandler27 note that their own data for F̄ (ρ) “exhibits an
inflection or slight minimum” for low values of Qmax

6 , but that
this shoulder in the curve merges into the minimum associated
with the crystal basin for larger values of Qmax

6 . From this be-
havior, they conclude that although the shoulder observed for
small Qmax

6 “could be confused with a second liquid basin,” it
is in fact “due to the barrier separating liquid from crystal.”

We disagree with this interpretation of the data. We refer
the reader to the bottom right-hand panel of Fig. 9 of Ref. 27,
which shows the free energy surface upon which the above
analysis of Limmer and Chandler27 is based. In this free en-
ergy surface, the liquid basin is clearly distinct from the crys-
tal basin, in the sense that any path connecting the minima
of these two basins must pass over a barrier of at least 23kT.
The shoulder in the free energy surface noted by Limmer
and Chandler27 occurs deep inside the liquid basin (near ρ

= 0.92 g/cm3 and Q6 = 0.08), and is well separated from the
barrier that defines the boundary between the liquid and crys-
tal basins (near Q6 = 0.27). Hence, any path leading from
the shoulder to the crystal basin must go “uphill” in free en-
ergy at some point along the path. The shoulder thus cannot
be understood as an extension of the crystal basin into the
low-Q6 regime. When F̄ (ρ) is plotted for different Qmax

6 , the
shoulder and the crystal minimum become superimposed on
one another because they happen to occur at similar densi-
ties; however, this is not a basis for concluding that these two
features must be associated with the same (crystalline) free
energy basin.

To conclude, we emphasize that not all models of water
exhibit a LLPT. For example, the mW model seems to be a
case in which a LLPT, which otherwise might occur, becomes
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We use the weighted histogram analysis method [S. Kumar, D. Bouzida, R. H. Swendsen, P. A.
Kollman, and J. M. Rosenberg, J. Comput. Chem. 13, 1011 (1992)] to calculate the free energy
surface of the ST2 model of water as a function of density and bond-orientational order. We per-
form our calculations at deeply supercooled conditions (T = 228.6 K, P = 2.2 kbar; T = 235 K,
P = 2.2 kbar) and focus our attention on the region of bond-orientational order that is relevant to
disordered phases. We find a first-order transition between a low-density liquid (LDL, ρ ≈ 0.9 g/cc)
and a high-density liquid (HDL, ρ ≈ 1.15 g/cc), confirming our earlier sampling of the free energy
surface of this model as a function of density [Y. Liu, A. Z. Panagiotopoulos, and P. G. Debenedetti,
J. Chem. Phys. 131, 104508 (2009)]. We demonstrate the disappearance of the LDL basin at high
pressure and of the HDL basin at low pressure, in agreement with independent simulations of the
system’s equation of state. Consistency between directly computed and reweighted free energies, as
well as between free energy surfaces computed using different thermodynamic starting conditions,
confirms proper equilibrium sampling. Diffusion and structural relaxation calculations demonstrate
that equilibration of the LDL phase, which exhibits slow dynamics, is attained in the course of the
simulations. Repeated flipping between the LDL and HDL phases in the course of long molecular
dynamics runs provides further evidence of a phase transition. We use the Ewald summation with
vacuum boundary conditions to calculate long-ranged Coulombic interactions and show that con-
ducting boundary conditions lead to unphysical behavior at low temperatures. © 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4769126]

I. INTRODUCTION

The distinctive physical properties of liquid water1, 2 in-
clude an unusually large isobaric heat capacity compared to
that of common liquids, expansion upon freezing, and nega-
tive thermal expansion below 4 ◦C. These characteristics exert
a profound influence on the earth’s physical landscape and on
its climate. Furthermore, because the chemical and physical
processes essential to life, as we know it, occur in an aque-
ous medium, the rates, mechanisms, and equilibrium states of
such processes are profoundly influenced by water’s physical
properties.1

Liquid water’s anomalies are exacerbated in the
supercooled state, when it is metastable with re-
spect to crystallization.3–6 For example, the isothermal
compressibility,7–9 isobaric heat capacity,10–14 and the mag-
nitude of the negative thermal expansion coefficient15–17 of
supercooled water at ambient pressure increase sharply with
decreasing temperature. The largest inventory of supercooled
water occurs in clouds4 and its physical properties determine
the mechanisms and rates of important atmospheric phenom-
ena such as ice formation, rainfall, and electrification.18–21

Ever since the pioneering work of Speedy and Angell focused
the attention of the scientific community on the properties of
supercooled water,7 there has been a sustained effort involv-
ing experiments, theory, and computer simulations aimed at

a)Author to whom correspondence should be addressed. Electronic mail:
pdebene@princeton.edu.

understanding the microscopic origin and thermodynamic
implications of the anomalous increase in water’s response
functions upon supercooling.

One interpretation of the experimental facts was pro-
posed by Poole et al. 20 years ago,22 based on computer sim-
ulations of the ST2 model of water.23 These authors proposed
that there exists in supercooled water a metastable, first-order
phase transition between high-density and low-density liquid
phases (HDL and LDL, respectively), which terminates at a
critical point. The presence of such a critical point would
explain the increase in response functions upon supercool-
ing. According to the liquid-liquid phase transition scenario
(LLPT), the experimentally-observed sharp density changes
that occur between the low- and high-density forms of glassy
water24–26 are but the structurally-arrested manifestation of
the LLPT. Alternative interpretations of the increase in re-
sponse functions upon supercooling do not, however, invoke
a LLPT.27–29

A phase transition between two liquid phases of the same
substance involves smaller density and enthalpy changes than,
say, a vapor-liquid transition. Accordingly, the characteristic
energy and hence the critical temperature associated with such
a liquid-liquid transition would be considerably lower than
the ordinary vapor-liquid critical temperature.30 Experimental
evidence either consistent with or suggestive of a liquid-liquid
transition in water31, 32 and other liquids33–39 has, accordingly,
invariably involved supercooled states.

Experimental studies aimed at substantiating or disprov-
ing the LLPT in water are especially challenging on account

0021-9606/2012/137(21)/214505/10/$30.00 © 2012 American Institute of Physics137, 214505-1
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FIG. 1. (P, T) projection of the metastable phase behavior in ST2 water,
showing the liquid-liquid coexistence curve (black squares), the LDL spin-
odal (up-triangles), and the HDL spinodal (down-triangles). Solid (phase co-
existence curve) and dashed (spinodals) lines are a guide to the eye obtained
by fitting the data to polynomial functions. Red circle is the critical point
estimated in Ref. 59.

corresponding to the HDL phase, and the other one around
ρ = 0.91 g/cc and Q6 = 0.06, corresponding to LDL. Consis-
tent with the highly compressible character of phases in the
vicinity of a critical point, we find that the free energy surface
is very sensitive to changes in pressure. Figure 3(a) shows the
free energy surface at 228.6 K and 2.4 kbar. Note the disap-
pearance of the LDL basin. Figure 3(b) shows the free energy
surface at 228.6 K and 2.0 kbar. Note the disappearance of the
HDL basin. These results are in a very satisfactory agreement
with the independently calculated spinodal curves shown in
Figure 1.

FIG. 2. Free energy surface in the (ρ, Q6) plane at 228.6 K, 2.2 kbar. Each
contour line represents 1 kBT. Note the presence of two basins corresponding
to the low- and high-density liquid phases (LDL, HDL).

FIG. 3. Free energy surface in the (ρ, Q6) plane at (a) 228.6 K, 2.4 kbar
(b) 228.6 K, 2.0 kbar. Each contour line represents 1 kBT. Note the disap-
pearance of the LDL basin at high pressure (a) and of the HDL basin at
low pressure (b) in agreement with the independently-calculated spinodals in
Figure 1.

Figure 4 shows the density dependence of the contracted
free energy at various sub-critical temperatures

β F
!
ρ,Qmax

6

"
= − ln

# Qmax
6

0
exp [−βF (ρ , Q6)] d Q6,

(7)
where Qmax

6 is the maximum value of Q6 considered in
the calculations (0.09 for the free energy surfaces shown in
Figures 2 and 3). The minima for each isotherm correspond to
the equilibrium LDL and HDL phases. In agreement with the
behavior reported in Ref. 59 we observe that over the range
of conditions investigated here, the density of the LDL phase
at coexistence changes modestly with temperature, whereas
the saturated HDL phase exhibits a more pronounced den-
sity dependence. The results shown in Figures 2 and 4 are
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the calculations (0.09 for the free energy surfaces shown in
Figures 2 and 3). The minima for each isotherm correspond to
the equilibrium LDL and HDL phases. In agreement with the
behavior reported in Ref. 59 we observe that over the range
of conditions investigated here, the density of the LDL phase
at coexistence changes modestly with temperature, whereas
the saturated HDL phase exhibits a more pronounced den-
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See also:  Palmer, Car, and Debenedetti, Faraday Discuss. (2013).
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Figure 3. A schematic comparison of the isobaric temperature dependence of the density ρ, thermal
expansion coefficient α, isothermal compressibility KT and isobaric heat capacity cp for water and
a simple liquid.

(This figure is in colour only in the electronic version)

liquids, volume and entropy fluctuations become smaller as the temperature decreases. In
water, on the other hand, volume and entropy fluctuations become more pronounced as the
temperature lowers. In most liquids, entropy and volume fluctuations are positively correlated:
an increase in volume results in a corresponding increase in entropy. In water below 4 ◦C, on the
other hand, volume and entropy fluctuations are anti-correlated: a decrease in volume brings
about an increase in entropy. Figure 3 illustrates the striking contrast between water and
‘normal’ liquids. This dichotomy becomes increasingly pronounced in the supercooled range.

The anti-correlation between entropy and volume is a consequence of the formation of an
open hydrogen bonded network, in which a decrease in orientational entropy is accompanied
by a volume increase. Although this network is transient and short-ranged in the liquid,
as opposed to being permanent and long-ranged in ice, it is the microscopic basis for water’s
negative thermal expansion, and consequently it influences the thermodynamics of liquid water
profoundly.

At temperatures between 273 and 306 K, the shear viscosity of liquid water decreases
with pressure up to about 1 kbar (figure 4) [1, 18]. Likewise, the self-diffusion coefficient
increases with pressure for temperatures lower than 300 K [19]. The pressure dependence of
these transport coefficients is anomalous: in most liquids, compression causes loss of fluidity.
In cold water, on the other hand, compression disrupts the hydrogen bond network, giving
rise to increased fluidity [20, 21]. Translating this qualitative physical picture into a predictive
theory for water’s transport properties remains, as with thermodynamic quantities, a major
challenge.

4. Ranges of stability and metastability

Figure 5 shows the temperature domains of stability and metastability for liquid and
glassy water at atmospheric pressure [3, 22]. The stable liquid range is limited by the

P.G. Debenedetti, JPCM (2003)

O. Mishima, 
http://www.nims.go.jp/water/

Two forms of 
amorphous ice

Liquid-state 
anomalies

How is ice nucleation influenced by the thermodynamic 
anomalies associated with a LLPT?



-1 -0.5 0 0.5 1
cij

0

1

2

3

4

5

P(
c ij)

ice Ic (N=216)
ice Ih (N=432)
liquid (N=216)

T=280 K, P=40 MPa

Finding local crystalline order 

124506-3 Nucleation barriers in tetrahedral liquids J. Chem. Phys. 135, 124506 (2011)

hard-spheres. The dense phase, composed of two interpene-
trating fully bonded DC structures, is a body centered cubic
(bcc) crystal. The fluid separates into gas and liquid phases
below the critical temperature. Since the range of the poten-
tial is short compared to the particle size, the critical point is
almost always metastable with respect to the crystal phase.

In the following, we study the crystallization barriers to
the DC/DH crystal at one selected pressure. Specifically, we
choose P = 0.03 in order to avoid interference with gas–
liquid phase separation. For all the models studied, with
the exception of cos θ = 0.98, the most stable phase at that
pressure is the open tetrahedral crystal. In the case of cos θ

= 0.98, bcc is the stable phase at this pressure, but as pre-
vious studies have shown, spontaneous crystallization results
always in the open structure,28 an example of the Ostwald step
rule.30–32

The nucleation to tetrahedral crystals has been studied
previously in simulations22, 23, 26 and we follow the established
methodology to evaluate the free energy barriers. A novel is-
sue arises from the presence of two crystals with different
symmetries in the same stability field, as we discuss in the
following.

We use Steinhardt bond order parameters35 based on
spherical harmonics of order l = 3. For each particle we de-
fine the complex vector

qlm(i) = 1
Nb(i)

Nb(i)!

j=1

Ylm(r̂ij ), (2)

where the sum is over the Nb(i) neighbors of particle i, de-
fined as those particles within a distance of (1 + δ)σ = 1.24σ

of particle i. The dot product

cij =
l!

m=−l

q̂lm(i)q̂∗
lm(j ), (3)

where

q̂lm(i) = qlm(i)

" #
l!

m=−l

|qlm(i)|2
$1/2

(4)

and q̂∗
lm(i) is its complex conjugate, determines the degree of

orientational correlation between neighboring particles i and
j . Figure 2 shows the cij distributions for the fluid and the
DC and DH crystals. The DC distribution is peaked around
cij = −1 only, while the DH crystal also shows a peak near
cij = −0.1. In the DH crystal, each particle has three neigh-
bors with cij ≈ −1 and one with cij ≈ −0.1, while in the DC
crystal, all four bonded neighbors have cij ≈ −1. This pro-
vides a local basis for distinguishing particles as being DC
or DH. The fluid distributions are very wide and show sharp
peaks for large values of cos θ (small bonding angles). The
peaks become more intense on heating, which we attribute
to a lower density and higher energy; we identify the peaks as
signals of specific geometrical assemblies in the fluid with un-
filled bonds. For example, a dimer has cij = −1, while both
bonds in a trimer have cij = −0.82.

The possibility of separating the cij ranges in which
crystal-like or fluid-like particles are mostly contributing
offers a way of associating a value of cij with a local
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FIG. 2. Probability distributions of the dot product cij in the liquid and crys-
tal structures. The distribution for DC, shown only in panel (a), is a single
peak near −1 and is nearly indistinguishable from the DH peak at −1 on the
scale of the plots. The distributions for the crystals do not vary significantly
over our T range.

structure (crystal or fluid). Usually, a threshold number of
crystal-like connections is selected to distinguish particles as
being fluid-like or crystal-like. In the following, we start by
defining a crystal-like connection between neighbors as the
one with cij < qu, with qu = −0.87, and a crystal-like par-
ticle as the one which has three or more crystal-like con-
nections. This definition does not allow one to discriminate
between DC and DH, and hence appears to be a reasonable
first step in the investigation of the nucleation barriers.22, 23, 26

We complement this study with an additional investigation
where we differentiate between DC and DH by requiring that
a solid-like particle has four neighbors with cij < −0.87 in
the DC case or three neighbors with cij < −0.87 and one with
−0.3 < cij < 0.1 in the DH case. For completeness, we probe
three cases: (i) the case where the growing crystal is com-
posed only of DC particles; (ii) the case where the growing
crystal is composed only of DH particles; (iii) the case where
the growing crystal is composed of DC or DH particles.

We follow the standard methodology for defining a bias-
ing potential which helps the formation of crystalline clusters.
To this aim we add to the Kern-Frenkel potential a perturba-
tion given by

φ = κ(nmax − n0)2, (5)

where κ is a suitably chosen constant that controls the range of
sampled crystal cluster sizes, centered near n0, and nmax is the
size of the largest crystalline cluster in the system. Depending
on the steepness of &G(n), we adjust the value of κ to ob-
tain good sampling, but for almost all simulations, κ = 0.075.
To define a crystal-like cluster, we state that two neighboring
crystal-like particles are part of the same cluster.

New configurations in the umbrella sampling (US)
MC chains are generated as follows. Given a starting
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hard-spheres. The dense phase, composed of two interpene-
trating fully bonded DC structures, is a body centered cubic
(bcc) crystal. The fluid separates into gas and liquid phases
below the critical temperature. Since the range of the poten-
tial is short compared to the particle size, the critical point is
almost always metastable with respect to the crystal phase.

In the following, we study the crystallization barriers to
the DC/DH crystal at one selected pressure. Specifically, we
choose P = 0.03 in order to avoid interference with gas–
liquid phase separation. For all the models studied, with
the exception of cos θ = 0.98, the most stable phase at that
pressure is the open tetrahedral crystal. In the case of cos θ

= 0.98, bcc is the stable phase at this pressure, but as pre-
vious studies have shown, spontaneous crystallization results
always in the open structure,28 an example of the Ostwald step
rule.30–32

The nucleation to tetrahedral crystals has been studied
previously in simulations22, 23, 26 and we follow the established
methodology to evaluate the free energy barriers. A novel is-
sue arises from the presence of two crystals with different
symmetries in the same stability field, as we discuss in the
following.

We use Steinhardt bond order parameters35 based on
spherical harmonics of order l = 3. For each particle we de-
fine the complex vector

qlm(i) = 1
Nb(i)

Nb(i)!

j=1

Ylm(r̂ij ), (2)

where the sum is over the Nb(i) neighbors of particle i, de-
fined as those particles within a distance of (1 + δ)σ = 1.24σ

of particle i. The dot product

cij =
l!

m=−l

q̂lm(i)q̂∗
lm(j ), (3)

where

q̂lm(i) = qlm(i)

" #
l!

m=−l

|qlm(i)|2
$1/2

(4)

and q̂∗
lm(i) is its complex conjugate, determines the degree of

orientational correlation between neighboring particles i and
j . Figure 2 shows the cij distributions for the fluid and the
DC and DH crystals. The DC distribution is peaked around
cij = −1 only, while the DH crystal also shows a peak near
cij = −0.1. In the DH crystal, each particle has three neigh-
bors with cij ≈ −1 and one with cij ≈ −0.1, while in the DC
crystal, all four bonded neighbors have cij ≈ −1. This pro-
vides a local basis for distinguishing particles as being DC
or DH. The fluid distributions are very wide and show sharp
peaks for large values of cos θ (small bonding angles). The
peaks become more intense on heating, which we attribute
to a lower density and higher energy; we identify the peaks as
signals of specific geometrical assemblies in the fluid with un-
filled bonds. For example, a dimer has cij = −1, while both
bonds in a trimer have cij = −0.82.

The possibility of separating the cij ranges in which
crystal-like or fluid-like particles are mostly contributing
offers a way of associating a value of cij with a local
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structure (crystal or fluid). Usually, a threshold number of
crystal-like connections is selected to distinguish particles as
being fluid-like or crystal-like. In the following, we start by
defining a crystal-like connection between neighbors as the
one with cij < qu, with qu = −0.87, and a crystal-like par-
ticle as the one which has three or more crystal-like con-
nections. This definition does not allow one to discriminate
between DC and DH, and hence appears to be a reasonable
first step in the investigation of the nucleation barriers.22, 23, 26

We complement this study with an additional investigation
where we differentiate between DC and DH by requiring that
a solid-like particle has four neighbors with cij < −0.87 in
the DC case or three neighbors with cij < −0.87 and one with
−0.3 < cij < 0.1 in the DH case. For completeness, we probe
three cases: (i) the case where the growing crystal is com-
posed only of DC particles; (ii) the case where the growing
crystal is composed only of DH particles; (iii) the case where
the growing crystal is composed of DC or DH particles.

We follow the standard methodology for defining a bias-
ing potential which helps the formation of crystalline clusters.
To this aim we add to the Kern-Frenkel potential a perturba-
tion given by

φ = κ(nmax − n0)2, (5)

where κ is a suitably chosen constant that controls the range of
sampled crystal cluster sizes, centered near n0, and nmax is the
size of the largest crystalline cluster in the system. Depending
on the steepness of &G(n), we adjust the value of κ to ob-
tain good sampling, but for almost all simulations, κ = 0.075.
To define a crystal-like cluster, we state that two neighboring
crystal-like particles are part of the same cluster.

New configurations in the umbrella sampling (US)
MC chains are generated as follows. Given a starting
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hard-spheres. The dense phase, composed of two interpene-
trating fully bonded DC structures, is a body centered cubic
(bcc) crystal. The fluid separates into gas and liquid phases
below the critical temperature. Since the range of the poten-
tial is short compared to the particle size, the critical point is
almost always metastable with respect to the crystal phase.

In the following, we study the crystallization barriers to
the DC/DH crystal at one selected pressure. Specifically, we
choose P = 0.03 in order to avoid interference with gas–
liquid phase separation. For all the models studied, with
the exception of cos θ = 0.98, the most stable phase at that
pressure is the open tetrahedral crystal. In the case of cos θ

= 0.98, bcc is the stable phase at this pressure, but as pre-
vious studies have shown, spontaneous crystallization results
always in the open structure,28 an example of the Ostwald step
rule.30–32

The nucleation to tetrahedral crystals has been studied
previously in simulations22, 23, 26 and we follow the established
methodology to evaluate the free energy barriers. A novel is-
sue arises from the presence of two crystals with different
symmetries in the same stability field, as we discuss in the
following.

We use Steinhardt bond order parameters35 based on
spherical harmonics of order l = 3. For each particle we de-
fine the complex vector

qlm(i) = 1
Nb(i)

Nb(i)!

j=1

Ylm(r̂ij ), (2)

where the sum is over the Nb(i) neighbors of particle i, de-
fined as those particles within a distance of (1 + δ)σ = 1.24σ

of particle i. The dot product

cij =
l!

m=−l

q̂lm(i)q̂∗
lm(j ), (3)

where

q̂lm(i) = qlm(i)

" #
l!

m=−l

|qlm(i)|2
$1/2

(4)

and q̂∗
lm(i) is its complex conjugate, determines the degree of

orientational correlation between neighboring particles i and
j . Figure 2 shows the cij distributions for the fluid and the
DC and DH crystals. The DC distribution is peaked around
cij = −1 only, while the DH crystal also shows a peak near
cij = −0.1. In the DH crystal, each particle has three neigh-
bors with cij ≈ −1 and one with cij ≈ −0.1, while in the DC
crystal, all four bonded neighbors have cij ≈ −1. This pro-
vides a local basis for distinguishing particles as being DC
or DH. The fluid distributions are very wide and show sharp
peaks for large values of cos θ (small bonding angles). The
peaks become more intense on heating, which we attribute
to a lower density and higher energy; we identify the peaks as
signals of specific geometrical assemblies in the fluid with un-
filled bonds. For example, a dimer has cij = −1, while both
bonds in a trimer have cij = −0.82.

The possibility of separating the cij ranges in which
crystal-like or fluid-like particles are mostly contributing
offers a way of associating a value of cij with a local
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structure (crystal or fluid). Usually, a threshold number of
crystal-like connections is selected to distinguish particles as
being fluid-like or crystal-like. In the following, we start by
defining a crystal-like connection between neighbors as the
one with cij < qu, with qu = −0.87, and a crystal-like par-
ticle as the one which has three or more crystal-like con-
nections. This definition does not allow one to discriminate
between DC and DH, and hence appears to be a reasonable
first step in the investigation of the nucleation barriers.22, 23, 26

We complement this study with an additional investigation
where we differentiate between DC and DH by requiring that
a solid-like particle has four neighbors with cij < −0.87 in
the DC case or three neighbors with cij < −0.87 and one with
−0.3 < cij < 0.1 in the DH case. For completeness, we probe
three cases: (i) the case where the growing crystal is com-
posed only of DC particles; (ii) the case where the growing
crystal is composed only of DH particles; (iii) the case where
the growing crystal is composed of DC or DH particles.

We follow the standard methodology for defining a bias-
ing potential which helps the formation of crystalline clusters.
To this aim we add to the Kern-Frenkel potential a perturba-
tion given by

φ = κ(nmax − n0)2, (5)

where κ is a suitably chosen constant that controls the range of
sampled crystal cluster sizes, centered near n0, and nmax is the
size of the largest crystalline cluster in the system. Depending
on the steepness of &G(n), we adjust the value of κ to ob-
tain good sampling, but for almost all simulations, κ = 0.075.
To define a crystal-like cluster, we state that two neighboring
crystal-like particles are part of the same cluster.

New configurations in the umbrella sampling (US)
MC chains are generated as follows. Given a starting
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glass-former; our estimates suggest that we may be approach-
ing this regime with our widest patch model. The presence of
a maximum in TX confirms that decreasing the angular range
for bonding favors glass formation. Tetrahedral colloidal par-
ticles will thus form crystals only if the bonding angular width
is small.

As a final remark, we point out that our findings may
shed some light on the glass-forming and crystallizing abil-
ities of molecular or atomic tetrahedral network-forming liq-
uids, contributing insight as to why, for example, water crys-
tallizes while silica more readily forms a glass.
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unobservable due to the loss of stability of the supercooled
liquid with respect to crystal nucleation.16, 28, 29 Whether or
not a LLPT occurs in a given water model, and indeed in real
water itself, may depend sensitively on the details of the in-
termolecular interaction. For real water, it remains for exper-
iments to determine conclusively if a LLPT can be observed,
for example, by manipulating the rate of ice crystallization
in the supercooled regime by exploiting nano-confinement or
external fields. Nonetheless, the results presented here pro-
vide clear evidence that a LLPT does occur in simulations
of the ST2-RF model of water, and confirm the conclusions
drawn in previous studies of this model regarding the exis-
tence of a LLPT.
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glass-former; our estimates suggest that we may be approach-
ing this regime with our widest patch model. The presence of
a maximum in TX confirms that decreasing the angular range
for bonding favors glass formation. Tetrahedral colloidal par-
ticles will thus form crystals only if the bonding angular width
is small.

As a final remark, we point out that our findings may
shed some light on the glass-forming and crystallizing abil-
ities of molecular or atomic tetrahedral network-forming liq-
uids, contributing insight as to why, for example, water crys-
tallizes while silica more readily forms a glass.

ACKNOWLEDGMENTS

We thank ACEnet (Canada) for computational re-
sources. I.S.-V. acknowledges financial support from NSERC
(Canada). F.S. and F.R. acknowledge support from ERC-
226207-PATCHYCOLLOIDS and ITN-COMPLOIDS.

1D. Kashchiev, Nucleation (Butterworth-Heinemann, Oxford, 2000).
2K. F. Kelton and A. L. Greer, Nucleation in Condensed Matter: Applica-
tions in Materials and Biology (Elsevier, New York, 2010).

3P. G. Vekilov, Soft Matter 6, 5254 (2010).
4C. Vega, E. Sanz, J. L. F. Abascal, and E. G. Noya, J. Phys.: Condens.
Matter 20, 153101 (2008).

5P. R. ten Wolde, M. J. Ruiz-Montero, and D. Frenkel, J. Chem. Phys. 104,
9932 (1996).

6P. R. ten Wolde, M. J. Ruiz-Montero, and D. Frenkel, J. Chem. Phys. 110,
1591 (1999).

7S. Auer and D. Frenkel, Nature (London) 409, 1020 (2001).
8S. Auer and D. Frenkel, J. Chem. Phys. 120, 3015 (2004).
9C. Valeriani, E. Sanz, and D. Frenkel, J. Chem. Phys. 122, 194501 (2005).

10J. W. Gibbs, The Scientific Papers of J. Willard Gibbs (Dover, New York,
1961).

11M. Volmer and A. Weber, Z. Phys. Chem. 119, 227 (1926).
12L. Farkas, Z. Phys. Chem. 125, 236 (1927).
13R. Becker and W. Döring, Ann. Phys. 24, 719 (1935).
14K. F. Kelton, Crystal Nucleation in Liquids and Glasses (Academic,

Boston, 1991), Vol. 45, pp. 75–177.
15P. G. Debenedetti, Metastable Liquids. Concepts and Principles (Princeton

University, Princeton, NJ, 1996).
16M. Matsumoto, S. Saito, and I. Ohmine, Nature (London) 416, 409 (2002).
17M. Yamada, S. Mossa, H. E. Stanley, and F. Sciortino, Phys. Rev. Lett. 88,

195701 (2002).
18T. Motooka and S. Munetoh, Phys. Rev. B 69, 073307 (2004).

19E. Sanz, C. Vega, J. L. F. Abascal, and L. G. MacDowell, Phys. Rev. Lett.
92, 255701 (2004).

20P. Beaucage and N. Mousseau, Phys. Rev. B 71, 094102 (2005).
21E. G. Noya, C. Vega, J. P. K. Doye, and A. A. Louis, J. Chem. Phys. 132,

234511 (2010).
22L. M. Ghiringhelli, C. Valeriani, E. J. Meijer, and D. Frenkel, Phys. Rev.

Lett. 99, 055702 (2007).
23L. M. Ghiringhelli, C. Valeriani, J. H. Los, E. J. Meijer, A. Fasolino, and

D. Frenkel, Mol. Phys. 106, 2011 (2008).
24F. H. Stillinger and T. A. Weber, Phys. Rev. B 31, 5262 (1985).
25V. Molinero, S. Sastry, and C. A. Angell, Phys. Rev. Lett. 97, 075701

(2006).
26T. Li, D. Donadio, L. M. Ghiringhelli, and G. Galli, Nat. Mater. 8, 726

(2009).
27M. Maldovan and E. L. Thomas, Nat. Mater. 3, 593 (2004).
28F. Romano, E. Sanz, and F. Sciortino, J. Chem. Phys. 134, 174502 (2011).
29N. Kern and D. Frenkel, J. Chem. Phys. 118, 9882 (2003).
30W. Ostwald, Z. Phys. Chem. 22, 289 (1897).
31R. A. van Santen, J. Phys. Chem. 88, 5768 (1984).
32P. R. ten Wolde and D. Frenkel, Phys. Chem. Chem. Phys. 1, 2191 (1999).
33D. Frenkel and B. Smit, Understanding Molecular Simulation: From Algo-

rithms to Applications (Academic, San Diego, 1996).
34F. Romano, E. Sanz, and F. Sciortino, J. Chem. Phys. 132, 184501 (2010).
35P. J. Steinhardt, D. R. Nelson, and M. Ronchetti, Phys. Rev. B 28, 784

(1983).
36J. Wedekind, R. Strey, and D. Reguera, J. Chem. Phys. 126, 134103 (2007).
37J. Wedekind and D. Reguera, in Proceedings of the 17th International Con-

ference on Kinetic Reconstruction of the Nucleation Free Energy Land-
scape in Nucleation and Atmospheric Aerosols, Galway, Ireland, 13–17
August 2007 (Springer, Netherlands, 2008).

38J. Wedekind and D. Reguera, J. Phys. Chem. B 112, 11060 (2008).
39G. Chkonia, J. Wlk, R. Strey, J. Wedekind, and D. Reguera, J. Phys. Chem.

B 130, 064505 (2009).
40S. E. M. Lundrigan and I. Saika-Voivod, J. Chem. Phys. 131, 104503

(2009).
41I. Saika-Voivod, P. H. Poole, and R. K. Bowles, J. Chem. Phys. 124, 224709

(2006).
42W. Lechner, C. Dellago, and P. G. Bolhuis, Phys. Rev. Lett. 106, 085701

(2011).
43S. Ryu and W. Cai, Phys. Rev. E 81, 030601(R) (2010).
44L. Filion, M. Hermes, R. Ni, and M. Dijkstra, J. Chem. Phys. 133, 244115

(2010).
45Here, !µ refers specifically to the difference in chemical potential between

the DC crystal and the fluid, as calculated in Ref. 28, even in the case of
cos θ = 0.98, where the stable phase is bcc. Tm is determined from the
condition !µ = 0.

46We have used Tg = 1450 K and Tm = 1823 K for quartz.
47P. G. Debenedetti and F. H. Stillinger, Nature (London) 410, 259 (2001).
48S. Sakka and J. D. Mackenzie, J. Non-Cryst. Solids 6, 145 (1971).
49W. A. Lee and G. J. Knight, Br. Polym. J. 2, 73 (1970).

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

We only observe ice Ic 
formation in ST2
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MBAR = Multistage Bennet Acceptance Ratio 
method, Shirts and Chodera, JCP (2008)

• ST2 (with reaction field electrostatics), N = 216

• We use umbrella sampling MC simulations to enlarge
the sampled range of two order parameters: the density
⇢, and the size n

max

of the largest crystalline cluster in
the system.

• Constant-(N,P, T ) MC simulations with biasing func-
tion

�U = k
1

(⇢� ⇢⇤)2 + k
2

(n
max

� n⇤
max

)2

with k
1

= 1000kT (cm3/g)2, k
2

= 0.5kT .

• We record N (n) during US runs. Full G(n) curve con-
structed using MBAR.

• ⇢ sampling facilitates P -reweighting. We also record
the enthalpy H to allow T -reweighting. Hence, G(n)
can be found over a region of states near A and B.

• 210 US windows at each T and P : ⇢⇤ = 0.8 to
1.2 g/cm3 separated by 0.02 g/cm3; and n⇤

max

= 2
to 19 separated by 2.

• Simulations carried out at two points on Widom line:
“A” (T = 300 K, P = �25 MPa)
“B” (T = 280 K, P = 40 MPa)



Equilibration of umbrella sampling runs
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• Potential energy U
found to be most

slowing relaxing ob-

served quantity.

• CU (t) is autocorre-

lation function of U .

• ⌧U is time s.t.

CU (t) = 0.1.

• All runs equilibrated

for 20⌧U .

• Length of produc-

tions runs is from

80⌧U to 2000⌧U .
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• Statistics from A and B 

separately give the same 
result when reweighted 
to a common state point.

• Statistics from A and B 
can be combined to 
improve results.



Fitting to classical nucleation theory
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• Classical nucleation theory:

G(n) = an + bn2/3

• CNT with curvature correction:

G(n) = an + bn2/3 + cn1/3

• 2 and 3 parameter fits work reasonably well.
• However, estimates of barrier heights from 

small-n behavior vary widely.
• Instead, we focus on G15 = G(n=15), and 

characterize T and P dependence of the free 
energy to form small crystalline clusters of 
this size.

G15

n=15
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G15 decreases as P decreases, but then 
saturates at the lowest P.

3-parameter fits
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...indications of 
a minimum.

Widom line 
correlates well 
to crossover in 
P-dependence 
of G15.
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G15 decreases as T 
decreases.

Data at lower T 
required to test for 
instability to 
crystal formation, 
especially near LL 
critical point.

Pc for LLPT = 180 MPa

Tc for LLPT = 247 K



Contour plot of G15

• Contour plot 
of G15(T,P)

• Contours 1 kT 
apart

15 kT

50 kT
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